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ABSTRACT

In this thesis, we propose a highly efficient accelerating method for the restarted Arnoldi iter-
ation to compute the eigenvalues of a large nonsymmetric matrix. Its effectiveness is proved by
various numerical experiments and comparisons with other approaches. Several new results on the
characteristics of the polynomial acceleration are also reported.

The Arnoldi iteration has been the most popular method for nonsymmetric large eigenproblems.
Its defect of increasing computational complexity per iteration step was improved with the explicitly
restarting technique, by which the dimensions of the Krylov subspaces are kept modest. Although
the restarted Arnoldi iteration is a quite effective approach, the dimension of the subspace becomes
inevitably large, especially when the required eigenvalues are clustered. Furthermore, it favors the
convergence on the envelope of the spectrum. In this paper, we seek a polynomial such that
the components in the direction of unwanted eigenvectors are damped, using the approximate
eigensolution estimates obtained in the previous step. Although the Chebyshev acceleration, which
defines an elliptic area in the complex plane containing the unwanted Ritz values to be damped, can
be combined with the original explicitly restarted Arnoldi iteration, it is restrictive and ineffective
if the shape of the convex hull of the unwanted eigenvalues bears little resemblance with an ellipse.
In our study, an accelerating polynomial is chosen to minimize an Ly norm of the polynomial on
the boundary of the convex hull with respect to some suitable weight function. A new simple
algorithm is proposed for the efficient computation of the mini-max polynomial to accelerate the
convergence of the Arnoldi iteration.

From the numerical results, we can derive the strong dependency of the polynomial acceleration
on the distribution of spectrum, which proves the better performance of our algorithm than the
ellipse-based methods, in the cases where the moduli of the wanted eigenvalues are considerably
larger than those of the unwanted eigenvalues, and the faster convergence than those of all the
other approaches, especially with the non-clustered distribution of the spectrum.

Finally, we propose a new parallelization technique for the nonsymmetric double shifted QR
algorithm with perfect load balance and uninterrupted pipelining on distributed memory parallel
architectures, which is strongly required from the viewpoint of complexity of the Arnoldi iteration.

Its parallel efficiency is much higher than those reported in other papers.



Table of Contents

1. Introduction 1
11 OVEIVIEW - « « « o o o e e e e 1
1.2 Projection Methods - - « « « « « oo v v e )
1.3 Accelerating Techiiques - -« « « « « « « « « o o oo i )
1.4 Least Squares Arnoldi Method « « « « « « « v v v v v v v 3
1.5 Organization - « - -« « =« oo e 3

2. Basic Facts in Linear Algebra 5
91 DefNItions - « « « «  + ¢ e e e e e e

2.1.1 Matrices and Eigenvalues - « - « « « « <« oo 5
2.1.2  Selfadjoint and Unitary Matrices - - - =« =« =+« o oo oo 6
2.1.3  SUDSPACES + + + -+ ¢ ¢ e e 7
2.1.4 Canonical Forms of Matrices - - - -+« « - =+« v oo 8
2.1.5  Projection Operators - « « « « « « « « « « oo 10
2.1.5.1 Range and Null Space « « « « « « =« = o o oo oo 10

2.1.5.2 Matrix Representations - - -« « « -« o oo 10

2.1.5.3  Orthogonal and Oblique Projectors - - - - -« - -« -« o oo oo 11

2.2 Projection Methods - « « « « « « c o e v e 12
2.2.1 Projection Methods for Linear Systems - - « - - « -« -« - oo 12
2.2.1.1 Matrix Representation - « - -« « « -« o oo 13

2.2.1.2  Krylov Subspace Methods - - - = -« - -« - o oo 13

2.2.1.3 Arnoldi’'s Method for Linear Systems - - - - - -« « -« - .. 13

2.2.2  Projection Methods for Eigenvalue Problems - - - - - -« -« oo oo 14
2.2.2.1 Orthogonal Projection Methods - - - - = - -« - -« v oo v v 14



3. Vector Iterations

3.1 Single Vector Tterations - - - « « « « « o e
3.1.1 The Power Method - - - « = = = =« o o e et e e e e
3.1.2 The Inverse TLeration « - - « « = =« « o v v e e

3.2 Subspace Iteration Methods - « « « « « « « c v vt

3.3 The QR AlgOrithm « « « « « « « « « o oo e
3.3.1 Principle of the QR Algorithm - - - - - -« -+ - v v v v s
3.3.2 Relation between the Subspace Iteration and the QR algorithm - - - - - - -

3.3.3 The Shifted QR Algorithm - - - - - -« « « oo

. The Arnoldi Process

4.1 Arnoldi’s Method « « « « « « « o v v e e e
4.1.1 Arnoldi and Polynomial Approximation - - - « « -+« « .« oo
4.1.9 Block Atnoldi - - « « « « e e e

4.9 The Arnoldi TEeration -« « - « = « « « « e e et bt e e e
4.2.1 Explicitly Restarted Arnoldi Iteration - - - - - -+« oo
4.2.2  Other APProaches « « « « « v v v v e

4.3 Polynomial Accelerations Techniques - - - - -« -« -« -+« o v v

. Polynomial Acceleration

5.1 General TREOTY « - « « « « « « « o o oo
5.1.1 Basic Iterative Methods and Their Rates of Convergence - - - - - - - - - - -
5.1.2 Stationary Iterative Methods - - - -« -« « -« « v v v v oo

5.2 The Chebyshev Iterative Method - - - - =« « -« -+« v v v
5.2.1 The First-Order Chebyshev Iterative Method - - - - - -« - -« -+ o v v
5.2.2 The Second-Order Chebyshev Iterative Method - - - - - - = - - - - o o v o
5.2.3 The Chebyshev Iterative Method for Nonsymmetric Matrices - - - - - - - -

5.3 Optimal Parameters for the Chebyshev Polynomials - - - - - -« -« oo
5.3.1 The MinicMax Problem - - - « « « « « o o v e e e e e
5.3.2 The Mini-Max SOIUEION - - - = = = « « « o v oot e e e e e

5.4 The Chebyshev Arnoldi Method -« =« « « v v v v oo oo

5.4.1 Application to the Nonsymmetric Eigenproblems - - - - -« - -+« - . . . ..

ii

16
16
16
17
17
17
17
18
19

21
21
23
25
26
26
27
28

29



5.4.2

The Chebyshev Iteration - - - « = = =+« c o v oo e oo

6. Least Squares Based Polynomial Acceleration

6.1 Basic Approach ......................................
6.2 Least Squares Arnoldi - - - - - e e e e e e e e e e e e e e e
6.3 Other Approaches ....................................

7. Implementation

71 Modeling - « « « « ¢ e e e e
7.1.1 The Least Squares Arnoldi Method - - + « - -+« - -+ v v v v v oo
7.1.2 The Additional Cost of the Saad’s Method - - - - - - - - -« - o v oo v
7.1.3 The Complexity of the Manteuffel’s Method - - - - - - -+« -« -+ o v o
7.1.4  Other ATGUIMENES - « - « « « « « « « o oo

7.9 Numerical RESUILS - « « « « « « « o o v e e e

7.3 Parallelization of the QR algorithm - - - - - - - -« v v v v v o

8. Conclusion

Appendix

A. Numerical Results

A.1 Treatment of the Computational Error - - - - - -« - - v v v oo
A.1.1 Computing Complex Eigenvectors - - - -« -« « « =+« oo
A.1.2 The Re-orthogonalization - « « - « « « =« « oo v oo
A.1.3 The Multiplication - - « « -+« « o v oo e e
A.1.4 The Deformation of the Convex Hull - - - - -« -« v v oo oo
A15 The Deflation « - « « « « « « o o v oo e e

A2 Condition - « « « « + e v e e e

A.3 The Tterative Arnoldi Method « « « « « « = =« v e et e et e
A.3.1 The Ordinary Arnoldi Method - - -+« -+« v v v v oo

AST11 Case L« « v v o v v v e e
A 312 Case Q- - - o o v e
A3.1.3 Case 3 - v v v e e

iii

46
46
48
52

54
54
54
56
57
57
o7
58

64



A.3.2 The Iterative Arnoldi Method - « « -« « =« - =« v o v v e

A321 Case L« « « v o v v v e

AB3.292 Case 2« « « o o e e e

AB3.23 Case 3« - -« - v e

A324 Casedand case B - « « - o o e e e e e

A.4 The Computational Error of Close Eigenvalues - - - - - - - -« -« oo oo o v
A.4.1 The Re-orthogonalization - - - « « « « « « o v oo
A.4.2 The Multiplication - « « « « « « « o v v v e e

A.4.3 The Validity of Rectangular Hull in the Least Squares Arnoldi Method - - -
A5 ConSideration « « « « « =« ¢ ¢ e e e e
A5.1 Recapitulation - - - -« « e e e e
A.5.2 The Close Eigenvalties « « - -« « « « o oo v oo

A.6 Comparison with Other Methods - - - -« - - -« v v v v v oo

B. Orthonormalization Techniques

References

iv

84

87



Chapter 1

Introduction

1.1 Overview

In the last few years, there have been great progress in the developments of the methods for the s-
tandard eigenproblem. Arnoldi’s method, which have the disadvantage of increasing computational
complexity per iteration step, was improved with the restarting technique, by which the dimensions
of the Krylov subspaces is kept modest. Although the Arnoldi iteration is a considerably effective
solution, the dimension of the subspace becomes excessively large, especially when the required
eigenvalues are clustered. Furthermore, outer eigenvalues on the envelope of the spectrum show
faster convergence. This difficulty has been overcome by using the polynomial acceleration tech-
nique, which is an extension of the similar technique for symmetric matrices. In the nonsymmetric
case, we consider the distribution of the eigenvalues in the complex plane. Suppose A € R™*" is
a diagonalizable matrix with eigensolutions (u;, A;) for j = 1,...,n. Letting p(-) be some polyno-
mial, the current starting vector o can be expanded as p(A)zg = cip(A)us + -+ + cnp(An)un
in terms of the basis of eigenvectors. Then if we assume that the eigenvalues are ordered so
that the wanted k ones are located at the beginning of the expansion, we seek a polynomial such
that max;—g41.._n [P(A)| < min=1___x[p(A;)] holds. Acceleration techniques attempt to improve
the restarted Arnoldi iteration by solving this min-max problem, and applying the accelerating

polynomials to its restart vectors.



1.2 Projection Methods

Most algorithms for solving large eigenvalue problems employ a projection technique, an approx-
imation of the exact eigenvector u by a vector & belonging to some subspace K referred to as the
subspace of approximants. The subspace iteration algorithm, which will be described in Chapter
3, is a block generalization of the power method and is the most simplest approach, although it is
not competitive with other projection methods.

The Krylov subspace methods extract approximations from a subspace of the form
K = span{v, Av, A%v, ..., A" v} (1.1)

referred to as a Krylov subspace. Arnoldi’s method and Lanczos’ method are classified in the or-
thogonal projection methods, while the nonsymmetric Lanczos algorithm in the oblique projection
method. Although it is an extension of the simple power method, the projection method turns out
to be one of the most successful methods for extracting eigenvalues of large matrices.

Arnoldi’s method is an orthogonal projection method onto K,,, for general non-Hermitian ma-
trices, which was introduced originally as a means of reducing a dense matrix into the Hessenberg
form and later discovered that it leads to a valuable method for approximating the eigenvalues of
large sparse matrices. Furthermore, if we are interested in only a few eigensolutions of A, we can
restart the algorithm and avoid the difficulty of its high storage and computational requirement
as m increases, that is, we compute the approximate eigenvectors and use it as an initial sequence

of vectors for the next run of the Arnoldi’s method.

1.3 Accelerating Techniques

Although these algorithms are attractive because of its simplicity, their convergence rate may be
unacceptably slow in some cases. Polynomial accelerating techniques are useful tools for speeding
up the convergence of these methods. A polynomial iteration takes the form of x; = pr(A)zg
where pi is a polynomial which is determined from some knowledge on the distribution of the
eigenvalues of A. The polynomial p is selected to be optimal in some sense, and this leads to the
use of Chebyshev polynomials.

Given a set of approximate eigenvalues of a nonsymmetric matrix A, a simple region which

encloses the spectrum of A can be constructed in the complex plane. One of these ideas is to



use an ellipse that encloses an approximate convex hull of the spectrum. If we consider an ellipse

centered at & with focal distance ¥, the shifted and scaled Chebyshev polynomials defined by

‘J\

T (%55)
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are nearly optimal.

1.4 Least Squares Arnoldi Method

The choice of ellipses as enclosing regions in Chebyshev acceleration, however, may be overly
restrictive and ineffective if the shape of the convex hull of the unwanted eigenvalues bears little
resemblance to an ellipse. In this thesis, we propose a simple method for determining the accelerat-
ing polynomial, which is chosen so as to minimize an Ly norm of the polynomial p on the boundary
of the convex hull of the unwanted eigenvalues with respect to some suitable weight function w.
The only restriction with this technique is that the degree of the polynomial is limited because of
cost and storage requirements. This can be overcome by compounding low degree polynomials,
and the stability of the computation is enhanced by employing a Chebyshev basis. We prove the
optimality of our method and confirm its validity by various experiments.

From the results on the complexity of our method, we can see that the number of floating point
operations rapidly increases with the size of the subspace dimension m, which indicates that we
need to take m as small as possible if we want to avoid QR to become a bottleneck. In this thesis,
we propose a new data mapping method with best possible scalability for the parallelization of the
double shifted QR algorithm, in which the loads including the lookahead step are balanced, and
the computations are pipelined by hiding the communication latency. Our implementation on a
Fujitsu AP1000+ attains parallel efficiency higher than 90% without matrix size reduction, and

70-80% for the whole process including the matrix size reduction.

1.5 Organization

This thesis is constructed by the following topics: Chapter 2 describes the basic concepts which
formulate the algebraic eigenvalue problem. Preliminary definitions are also given in this chapter.
Chapter 3 introduces some orthodox approaches to solve the eigenproblem, which can be considered
as the derivatives of the concept of vector iterations. In Chapter 4, we will outline the fundamental

results on the Arnoldi process, obtained by the preceding researches. Chapter 5 will be devoted to



the polynomial acceleration. We will begin with the basic idea of the polynomial acceleration, which
was originally developed for solving linear systems, and show that they can be more effectively
applied to eigenproblems. Chapter 6 describes the details of our method. We introduce the idea of
acceleration using the least squares polynomials, and propose an efficient method for determining
its parameters. Our algorithm is evaluated by sufficient number of test problems from various
applicational fields in Chapter 7. We will also discuss some inherent problems, lying on the more
effective computation. Our current goal is the integration of iterative eigensolver and parallel direct
methods for nonsymmetric matrices. In this thesis, it is partially implemented in Chapter 7. Full
integration requires more thorough research but it will be realized in the very near future. The

concluding remarks in Chapter 8 will include our perspectives on the problem.



Chapter 2

Basic Facts in Linear Algebra

2.1 Definitions

2.1.1 Matrices and Eigenvalues

Definition 2.1.1 (General Definitions) By an m by n matriz, we mean an array of mn ele-

ments a;,, where it =1,....m and k =1, ...,n, arranged in a rectangular form

a1 ai2 -+ Qip
a1 Ag22 -+ QA2p (2 1)
anl1 Ap2 - Qpp

Ann by n matriz is called a square matrix of degree n. FEach horizontal n-tuple of an m x n matriz
1s called a row, and each vertical m-tuple is called a column of the matriz. A square matriz is called
a diagonal matriz if a;, = 0 fori # k. An nxn matric whose (i, k)-element is equal to §;, is called
the identity matriz of degree n, where §;, is the Kronecker delta. A 1 X n matriz (a1, ag, ..., an) s

called a row vector of dimension n, and an m X 1 matriz

by

bn

1s called a column vector of dimension m.

Definition 2.1.2 Let A be a square matriz. If there exists a matriz A~' such that AA™! =

A7YA =1, then A~ is called the inverse matriz of A, and A is called a nonsingular matriz.



Definition 2.1.3 Let A = (a;x) be an m X n matriz. Then the n x m matriz (b)) such that
bir, = ap; for all i and k is called the transposed matriz of A and is denoted by AT. Let A = (a;)
be a square matriz with elements in the complex number field C. Then the adjoint matriz AT of

A is the transposed conjugate AT = (@y;).

Definition 2.1.4 A complex scalar A is called an eigenvalue of the square matriz A if a nonzero
vector u of a complex vector space C" exists such that Au = \u. The vector u is called an eigen-
vector of A associated with X\, and the pair (u, \) an eigensolution. The set of all the eigenvalues

of A is called the spectrum of A and is denoted by o(A).

Proposition 2.1.1 If X is an eigenvector of A, then X is an eigenvalue of A" = AT. An

eigenvector v of A™ corresponding to the eigenvalue X is called a left eigenvector of A.
Definition 2.1. 5 The polynomial
PY(A) = det(A — AI) (2.3)

is called the characteristic polynomial of A. The equation ¥(\) = det(A — AI) is called the char-

acteristic equation of A.

The maximum absolute value of the eigenvalue of A is called the spectral radius and denoted
by p(A).
2.1.2 Selfadjoint and Unitary Matrices

Definition 2.1.6 If A = AT holds, A is called symmetric. If A = A holds, A is called real. If

A= A" = AT holds, then A is called Hermitian or selfadjoint.

Definition 2.1.7 The innerproduct (u,v) of two vectors u and v are defined as

(u,v) = ufv =a"v = Zﬁjvj (2.4)

Definition 2.1. 8 (Vector Norms) The vector whose components are all 0 is called the zero
vector and is denoted by the same symbol 0. A wvector norm on C" is a real-valued function which

satisfies the following three conditions:
1. || ku ||l=|k| ||, Yz € C", Vk € C.

2. ||u|>0 unlessu=0; | ul=0 impliesu = 0.



g lutvllul+vll, Vuvecn
The Euclidean norm of a complex vector u € C™ defined by
o= (u,u)? (25)

is a special case of the Holder norms

n ®
| (lp= (Z uz"’) : (2.6)
i=1
We define a special set of matrix norms for a general matrix A in C™*™ by

|Az|,

A =
” Hpq Ierél,?:x#) |$‘q

(2.7)

Definition 2.1.9 (Matrix Norms) The matriz whose components are all 0 is called the zero
matriz and is denoted by the symbol O. A matriz norm on C™*™ is a real-valued function which

satisfies the following three conditions:
1. || kA= k||| A, Vo € C™*™, Vk € C.
2. || Al|>0 unless A=0O; || A|l=0 implies A= O.
3. |A+BJ|<| Al +| B, VA BeC™™.

Definition 2.1.10 A is said to be orthogonal if A is real and AT A = I holds, and unitary if
A" A =T holds.

2.1.3 Subspaces

Definition 2.1.11 The range of the mapping A : R™ — R" is defined by
R(A4) = {Az|x € C™}, (2.8)
and its kernel or null space by
N(A) = {x € C"|Az = 0}. (2.9)

The rank of a matrix A is equal to the dimension of its range, i.e., to the number of linearly
independent columns. A subspace S is said to be invariant under a matrix A if AS C S. The

subspace N(A — AI), which is invariant under A, is called the eigenspace associated with .



2.1.4 Canonical Forms of Matrices

Definition 2.1.12 (Similarity Transformation) Two matrices A and X AX ™', where X is
a nonsingular matriz, is said to be similar. The mapping A — XAX ™! is called a similarity

transformation.

Definition 2.1.13 An eigenvalue X of a matriz A is said to have the algebraic multiplicity u,
if it is a root of multiplicity p of the characteristic polynomial of A. The eigenvalue of algebraic

multiplicity one is called simple. A nonsimple eigenvalue is called multiple.

Definition 2.1.14 An eigenvalue A of A is said to have the geometric multiplicity v, if the

mazximum number of independent eigenvalues associated with A is 7.
For the proofs of the following two theorems, see Chatelin [10] and Halmos [26].
Lemma 2.1.1 For every integer | and each eigenvalue \;, we have
N(A — NI € N(A = NI (2.10)
In a finite dimensional space, there is a smallest integer [; such that
N(A = NIl = N(A — NI, (2.11)

Here, 1; is called the index of A\;. The subspace M; = N(A — N is invariant under A and the

space C" is the direct sum of the subspace M;’s for i =1, ....;p. dim(M;) is denoted by m;.

Theorem 2.1.1 (Jordan Canonical Form) Any square matriz A has a nonsingular matriz X

that reduces the matrix to a block diagonal matrix called the Jordan canonical form:

Ji

J=X1AX = : (2.12)

Jp
where each submatriz J corresponds to the subspace M; associated with the distinct eigenvalue \;

and is of size m;. Fach of the blocks has itself a block diagonal structure:

Jil )\z 1
J; = , with Jy = - . (2.13)

Jivi Ai



Each sub-block, refereed to as the Jordan block, is a upper bidiagonal matriz of size not exceeding

l;, and corresponds to a different eigenvector associated with the eigenvalue \;.
Each vector can be written uniquely as
T=x1+ T2+ -+xp, Wherexz; €M, (2.14)
and the linear transformation
P:x—ux (2.15)
is a projector onto M;. The family of projectors P; for ¢ = 1, ..., p satisfies the following properties:

R(P) = M;, (2.16)
P,Pj=P,P,=0, i+#j, (2.17)

14
Y P=1I (2.18)
=1

Theorem 2.1.2 Fvery matrixz admits the decomposition

A= zp:()\iPi + D) (2.19)

=1

where D; = (A — \I)P; is a nilpotent operator of index l;, i.e., Di =0.

Proof. From (2.19), we have

which are summed up into
P P
A Pi=A=) (\Pi+ D). (2.21)
i=1 i=1
O

Theorem 2.1.3 (Schur Canonical Form) Any square matriz A has a unitary matriz Q such

that

QTAQ =R (2.22)
s upper triangular.
Proof. The proof is by induction over the dimension of A. m|



Px-x

Px

Figure 2.1. Oblique projection of x

2.1.5 Projection Operators
2.1.5.1 Range and Null Space
Definition 2.1.15 A linear mapping from C" to itself, i.e., such that
P2 =P, (2.23)
is called a projector.
If P is a projector, so is (I — P), and the relation
N(P)=R( — P) (2.24)
holds. The space C™ is decomposed as the direct sum
C" = N(P)®R(P). (2.25)

Conversely, every pair of subspaces M and S which forms a direct sum of C™ defines a unique

projector such that R(P) = M and N(P) = S. For any z, the vector Pz satisfies the conditions
PreM and z—PzreS. (2.26)

These relations define a projector P onto M and orthogonal to the subspace L = S*.

2.1.5.2 Matrix Representations

The matrix representation of a projector is obtained from two bases, a basis V = [vy, ..., vy,] for

the subspace M and and W = [wy, ..., wy,] for L. Denoting by Vy the representation in the V basis

10



Px-x

Px

Figure 2.2. Orthogonal projection of =

of Pz, the constraint x — Px L L is equivalent to the condition
W (z—Vy) =0, (2.27)
which derives the relation
P=vWHay)y"twH, (2.28)

If the two bases are biorthogonal, i.e. (v;,w;) = d;5, we have y = WHz, which leads to the matrix

representation of the projector P,
P=VW", (2.29)

2.1.5.3 Orthogonal and Oblique Projectors

Definition 2.1. 16 The projector P is said to be orthogonal onto M in the case when the subspace

L is equal to M, i.e., when
N(P) =R(P)*, (2.30)
and oblique in the nonorthogonal case.
For any vector x, an orthogonal projector is defined through the condition
PreM and (I—-P)z LM (2.31)

A projector is orthogonal if and only if it is Hermitian.

11
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Ad

r=b-Ax ro

Ax=Pb

Figure 2.3. Projection of x

2.2 Projection Methods

2.2.1 Projection Methods for Linear Systems

Consider a linear system of equations having n unknowns. If L is the m-dimensional subspace
of the candidate approximants to the problem, m constraints must be imposed to extract an
approximation. A projection technique for the linear system is defined as a process to find an

approximate solution & of the linear system Az = b,
Find Z € zp + K such that b — Az LL, (2.32)

where x( is an initial guess to the solution. If Z is written in the form & = zo + §, the approximate

solution can be defined as

F=mz0+6, 6 €K, (2.33)

(ro — Ad,w) =0, Yw € L. (2.34)

Most standard techniques use a succession of such projections, in which a new projection steps
uses a new pair of subspace K and L, with an initial guess xg obtained from the previous projection

step.

12



2.2.1.1 Matrix Representation

Let V = [v1, ..., zyn) and W = [wy, ..., w,,] be n x m matrices, whose column-vectors form the bases

of K and L respectively. If the approximate solution is written as
T=x0+Vy, (2.35)
the orthogonality condition leads to the following system for the vector y:
WTAVy = Whr. (2.36)
If the matrix W7 AV is nonsingular, we have

F=xo+ VWTAV)TWTr. (2.37)

2.2.1.2 Krylov Subspace Methods

A Krylov subspace method for linear systems is a method for which the subspace K,, is the Krylov

subspace of dimension m
Km(A,70) = span{rg, Arg, A%rg, ..., A" ro}, (2.38)
where rg = b— Axg. The approximations obtained from a Krylov subspace method are of the form
Ao~ 2 = 20 + @1 (A)7o, (2.39)

in which g,,—1 is a certain polynomial of degree m — 1.
The choice of L,, will have an important effect on the iterative technique. The first is simply
L,, = K,, and the minimum-residual variation L,, = AK,,. The second class of methods is based

on defining L,, = K, (AT, 7).

2.2.1.3 Arnoldi’s Method for Linear Systems

We now consider an orthogonal projection method as defined before, which takes L = K =
Km(A,79), in which ro = b — Azg. If Arnoldi vector v; = 1o/ || 7o |2 in Arnoldi’s method,

and set 5 =|| ro ||2, then
vIAV,, = H, (2.40)
and

VT’I"O = Vg(ﬂvl) = ﬂel. (241)

m

13



Figure 2.4. Projection Methods for Eigenproblems

As a result, the approximate solution using the above m-dimensional subspaces is given by

Ty = To + VinYm, (242)

Ym = Hr;ll(ﬁel)- (243)

2.2.2 Projection Methods for Eigenvalue Problems
A projection method for eigenvalue problems is defined as a technique to approximate the desired
eigenvector u by a vector u, belonging to a subspace K, by imposing the above Petrov-Galerkin
condition that the residual vector 4 be orthogonal to another subspace L.
2.2.2.1 Orthogonal Projection Methods
Let K be an m-dimensional subspace of C™ and consider an eigenvalue problem:

Find v € C" and A € C such that Au = Au. (2.44)
In an orthogonal projection technique onto the subspace K, the following condition is satisfied,

Al — i LK, (2.45)

for an approximate eigenpair X and 4.
Let V = [v1, ..., v;n] be n X m matrix, whose column-vectors form the base of K. If the approx-

imate eigenvector is written as

(2.46)

[~
Il
<

&
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AU
Figure 2.5. Orthogonal Projection Methods
the Galerkin condition becomes
(AVy — 5\Vy,vj) =0, j=1,..m. (2.47)
Then y and \ satisfy
By=X\y with B=V7AV. (2.48)

B is the matrix representation of the linear transformation A,, = PAP, where we denote by P

the orthogonal projector VVH onto the subspace K. The Galerkin condition can be rewritten as

P(Ai— i) =0, AeC, aek, (2.49)
ie.,
PAu=Xi, AeC, ackK. (2.50)
It can be represented as
PAPu=\i, AeC, aeC" (2.51)

considering the linear transformation of the original problem.
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Chapter 3

Vector Iterations

For the outline of the methods referred to in this thesis, we begin with the eigensolvers for real
non-Hermite matrices, classified under the concept of vector iterations. See also Golub and Van

Loan [24], Saad [58], or Wilkinson [78] for further studies.

3.1 Single Vector Iterations

3.1.1 The Power Method

Suppose A € R™*™ and denote its eigenvalues by A1, Ao, -, Ay.
Theorem 3.1.1 Suppose that the condition
Al > [ Ao > > A >0 (3.1)

holds. If we denote by x1 and y; the right and left eigenvectors of A1, the sequence

u Aqr—1
u#0, Q=7 =77 7 k=>1 (3.2)
[ull2 | Age—1 |2
is such that
Az |"
(AQk7Qk)_)\1|:O< N > (3.3)
if and only if yTu # 0.
Proof. See Chatelin [10] or Wilkinson [78], for example. O
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3.1.2 The Inverse Iteration

Let o be an approximation to a simple eigenvalue A, with right eigenvector z. If o is not close
to the eigenvalues of A, other than ), then the dominant eigenvalue of (A — ol)~! is 1/(A — o).
This fact is exploited in the method of inverse iteration designed to compute the eigenvector x

associated with A whose approximation ¢ is known. We put

u Zk

(A—oD)zy = qr—1, @ =—", 1. (3.4)
| 2k |2

9 = 7
(K PY

3.2 Subspace Iteration Methods

k

Suppose a subspace A*S generated by r vectors A*uy,---, A¥u,. The r vectors tend to become

parallel as k — oco. The subspace iteration method constructs an orthogonal basis @ of A*S as

follows:
1. U = QoRo,
2. for k>1,1let Uy = AQr_1 = Qr Rk,

where the Ry are upper triangular matrices of degree r. Schmidt’s orthogonalization Uy = Qi Ry
can be carried out by the Householder method (see Appendix B).
The spectrum of the matrix A, = QF AQ), of degree r converges to the 7 dominant eigenvalues

of A.

3.3 The QR Algorithm

3.3.1 Principle of the QR Algorithm

The QR algorithm consists of the construction of a sequence {Ay} of unitarily similar matrices:

Al =A=Q1R1, Aiy1 =RiQr=Qrr1Rpt1, k>1 (3.5)

where the Qi are unitary and the Ry are upper triangular matrices. Since Ry = QkH Ay, we have

Apy1 = QF A4Q1 = (Q1-- Q)T A1(Q1 - Qp) (3.6)

and

Ak = QkRka (37)
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where
Qr=Q1 Qr, Ri=Ry- Ry (3.8)
The following results were proved by Francis [18].

Lemma 3.3.1 Let H be a Hessenberg matrix and let H = QR be its Schmidt factorization. Then

both Q@ and RQ are Hessenberg matrices.
Theorem 3.3.1 Under the hypothesis that
[A1] > A2 > - > || >0, (3.9)

the QR algorithm, when applied to an irreducible Hessenberg matrixz, produces a sequence of umni-
tary similar Hessenberg matrices which converges (modulo a unitary diagonal matriz) to an upper

triangular matriz whose diagonal consists of the eigenvalues {\;}7 in this order.

Theorem 3.3.2 On the assumption of the previous theorem, the QR algorithm, when applied to
A, produces a sequence of unitary similar matrices whose limit form is an upper triangular matriz
having {\;}} as its diagonal elements in this order, under the necessary and sufficient condition

that the n — 1 principal minors of X~ are non-zero.

3.3.2 Relation between the Subspace Iteration and the QR algorithm

The QR algorithm is equivalent to the subspace iteration applied to a full set of r = n initial
vectors Qg = I. We denote by Qk the @ matrices of the subspace iteration, in order to distinguish
them from those of the QR algorithm.

The subspace iteration is defined as

Qo = I, (3.10)
Up = AQk1, (3.11)
Up = QB (3.12)
Ay = QY AQy, (3.13)
while the QR algorithm by
A = A (3.14)
Ap1 = QrplRyg, (3.15)
Ap = RiQp, (3.16)
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where we define Qk and Rk as

Qv =Q1Q2-- Qs (3.17)

and
Ry = RyRip_1 - Ry. (3.18)
Theorem 3.3.3 The above two processes generate identical sequences of matrices Rk, Qk, and
A¥ = QL Ry, (3.19)

with
A = OF 4G, (3.20)

Proof. The proof is obtained by induction in k. The above processes suggest A° = Qo =Ry=1
and Ag = A, which satisfy the equations (3.19) and (3.20). For the case of k > 1, we need to prove
(3.19) for the subspace iteration, and (3.19) and (3.20) for the QR method. As for the subspace

iteration, the relation is verified by
A¥ = AQr-1Ry—1 = QuRipRi—1 = QiRy, (3.21)

using the relation (3.11), (3.12), and (3.18).

As for the QR algorithm, we can verify the relation (3.19) by
AF = AQp-1Ri—1 = Qp_1Ap—1Ri1 = Qi Ry, (3.22)

using hypothesis on (3.19) and (3.20), with the relations (3.15), (3.17), and (3.18), while the second

by the sequence
Ar = QI A21Qr = QFT AQu, (3.23)

using the relation (3.15), (3.16), and the hypothesis on (3.20). a

3.3.3 The Shifted QR Algorithm

Suppose A is a real Hessenberg matrix. The QR algorithm with shifts of origin is described by

Qs(As —kI) =R,, Asp1= RSQZ +ksI, giving Asy = QSASQ37 (3.24)
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where @ is orthogonal, R, is upper triangular and k; is the shift of origin. As4e would be real
even in the case where k, is complex, if we perform the above transformation with shifts ks and kg
respectively. Francis also proposed an economical method without using complex arithmetic. If B

is non-singular and
BQ =QH, (3.25)

with unitary @@ and upper-Hessenberg H which has positive sub-diagonal elements, it can be shown

that whole of Q and H are determined uniquely by the first column of @. We have

A(QTQT ) = (QTQT. ) A (3.26)
and
(QTQT, ) (Rs1Ry) = (As — kI)(As — kysr D). (3.27)
We write
Q:41Q: =Q, ReiRo=R, (A= k)(As —koial) = M. (3.28)

Since @M = R holds, @ is the matrix which triangularizes the matrix product M. The triangu-

larization is performed by the Givens’ method, i.e.,
Q=Rp1n-Ron- RazRyipn- RizRio, (3.29)

where R;; is the plane rotation in the plane (i, j). Its first row is determined by Ry, - - - R13R1.2,

while Ry 2, Ri 3, -, R1,, are determined by the first column of M, whose nonzero elements are
r1 = (a1 — k1)(a11 — k2) + a12a21, 31 = azi(arn — k2) + (agze — k1)az1, 21 = azzag;. (3.30)

Ry 4, -, Ri are then the identity matrices. If we define C by

Ri3Ri2ART LR s =Cy (3.31)
for some orthogonal matrix S; whose first row is e; = (1,0, ---,0)7, we have
sTcy s, = B, (3.32)

where B is an upper Hessenberg matrix. B must be Ao, since the first row of QT = STRi 3R 2,
where B = QT A,Q, is equal to the first row of Q7. These computations can be performed more

efficiently by 8n? real multiplications.
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Chapter 4

The Arnoldi Process

In this chapter, we present the basic ideas of the Arnoldi process, which is a variant of the Krylov
subspace method. Section 4.1 derives some important properties. The iterative version of the

Arnoldi process is described in Section 4.2.

4.1 Arnoldi’s Method

Suppose A € R™*"™. The Arnoldi approach involves the column-by-column generation of an

orthogonal matrix @ such that QTAQ = H is the Hessenberg reduction. If we write Q as

[q1, .y qm] € R™™ and isolate the last term in the summation Ag,, = Zgﬁl Rim@m, then we
have
m
hm+1,QO+1 = Aqm - Z hzQO =Tm (41)
i=1

where hj, = qf Ay, for i = 1,...,m. We assume that ¢; is a given 2-norm starting vector.

Proposition 4.1.1 The Arnoldi process computes an orthonormal basis for the Krylov subspace

Km (Aa Q1)
Span{le seey qm} = Span{qla Aqla EEES) Am_l(]l}7 (42)
in which the map is represented by an upper Hessenberg matriz H,,.

Proof. The vectors ¢; for j = 1,2,...,m are orthonormal by construction. That they span K,
follows from the fact that each vector v; is of the form p;_1(A)v1 where p;_; is a polynomial of

degree j — 1, which can be shown by induction on j. O

21



Algorithm 4.1.1 (Arnoldi)
L. hig = (Aqi, q1)
2. for j=1,....m—1, put
3. ry=Ag; = X higdis gy =l |2
4. Gor=hihri hign = (Agiy,a), i<j+1
Proposition 4.1. 2 Denote by H,,, the mxm Hessenberg matrix whose nonzero entries are defined

by the algorithm. Then the following relations

AQm = QmHm +rmen, (4.3)
QRAQm = Hp (4.4)
hold, where e,, = (0, ...,0,1)T.
Proof. (4.3) holds from the equality
1
qu‘ = Zhijq’i’ ] = 1727...77’)’1. (45)
i=1
(4.4) follows by multiplying both sides of (4.3). O

The algorithm terminates when r; = 0, which is impossible if the minimal polynomial of A
with respect to ¢; is of degree > m. If this condition is satisfied, H,, is an irreducible Hessenberg
matrix.

A complete reduction of A to Hessenberg form can be written as A = QHQ . Consider the first
m < n columns of AQ = QH. Let Q,, be the n x m matrix whose columns are the first m columns
of , and let H,, be the (m + 1) x m upper-left section of H,,+1. We have AQ,,, = QmHlflm and

the mth column of this equation can be written as

AQm - hlmq1 + -+ hmem + hm+1,m‘]m+1~ (46)

Then the vectors {¢;} form bases of the successive Krylov subspaces generated by A and b, defined

as
Kyn = span{b, Ab, ..., A" 'b} = span{q1,q2, ..., ¢m } € C™. (4.7)

Since the vectors ¢; are orthonormal, these are orthonormal bases. Let us define K., to be a n xm

Krylov matrix

K, = [b, Ab, -, A™ 1] (4.8)
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Then K, have a reduced QR factorization
Km = QmRrru (49)

where @, is the same matrix as above, and might be expected to contain good information about

the eigenvalues of A with largest modulus.

Proposition 4.1. 3 Let y; € C™ be an eigenvector of H,, associated with the eigenvalue X and

T; = Qny;- Then

(A= XNDZi = bt me 2 yiGmn (4.10)
and, therefore,

| (A= XD)Z; [|2= hums1mleyil. (4.11)
Proof. (4.10) follows from multiplying both sides of (4.3) by ;. m]

4.1.1 Arnoldi and Polynomial Approximation

Let  be a vector in the Krylov subspace K,,,. Since x can be written as a linear combination of

powers of A times b
z = cob~+ c1Ab+ c2A%b+ - + ¢y 1 AT 0, (4.12)
we have
z = q(A)b, (4.13)
where ¢(z) the polynomial ¢(z) = co+c12+- -+ ++cm_12™ 1. The Arnoldi process solves the problem
Find p™ € P™ such that || p™(A)b ||2= minimum (4.14)
exactly, where we denote by P™ the set of monic polynomials of degree m.

Theorem 4.1.1 As long as the Arnoldi process does not break down, the problem (4.14) has a

unique solution p™, which is the characteristic polynomial of H,,.
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Figure 4.1. Least squares polynomial approximation

Proof. Let us write p(A)b as p(A)b = A™b—Q,,y for some y € C™. Then || p™(A)b ||2= minimum

is equivalent to a linear least squares problem
Find y such that || A™b— Qpy |l2= minimum. (4.15)

The solution is characterized by the orthogonality condition p™(A)b L K,, as illustrated in the
figure 4.1, namely, Q¥p™(A)b = 0.
At step m of the Arnoldi process, we have computed the first m columns of () and H. Then a

factorization exists with

H,, X
Q:(Qm U), H= (4.16)
Xo  X;

for some n x (n —m) matrix U with orthogonal columns that are also orthogonal to the columns of
Q. and some matrices X1, X, and X3 of dimensions nx (n—m), (n—m)xm, and (n—m) x (n—m),
respectively, with all but the upper-right entry of X5 equal to 0. The orthogonality condition be-
comes QEQp™(H)Q"b = 0, which amounts to the condition that the first m entries of the first
column of p™(H) are zero. Because of the structure of H, these are also the first m entries of the
first column of p™(H,,). By the Cayley-Hamilton theorem, these are zero if p™ is the characteristic
polynomial of H,,. Conversely, suppose there were another polynomial p™ with p™(A4)b L K,,.

Taking the difference would give a nonzero polynomial g of degree m — 1 with ¢(A)b = 0, violating

the assumption that K, is of full rank. O
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Let the Arnoldi process be applied to a matrix A € C™**™.

Corollary 4.1.1 (Translation-invariance) If A is changed to A+ ol for some o € C, and b

is left unchanged, then the Ritz values {6;} change to {o + 6;}.

Corollary 4.1.2 (Scale-invariance) If A is changed to oA for some unitary o € C, and b is

left unchanged, then the Ritz values {0;} do not change.

Corollary 4.1.3 (Invariance under unitary similarity transformation) If A is changed

to UAUH for some unitary matriz U, and b is changed to Ub, the Ritz values {0;} do not change.

In all three cases, the Ritz vectors, namely, the vectors @),,y; corresponding to the eigenvectors

y; of Hp,, do not change under the indicated transformation.

4.1.2 Block Arnoldi

Suppose that we are interested in computing the r eigenvalues of a matrix A € R™*™. Assume
that V3 € R™*" is a rectangular matrix having r orthonormal columns. Then the algorithm of the

block-Arnoldi method can be described as follows:

Algorithm 4.1. 2 (Block Arnoldi)

1. Fork=1,....m—1, do

2. W= AV,

3. Fori=1,...,k, do

4. Hip =V Wy Wy=Wy—V;H;
5. QuRi =Wy

6. Virr = Qr; Hey1p = By

Letting Uy, = [VA, ..., Vin], the restriction of the matrix A to the Krylov subspace is written as

Hy1 Hip Hyim
Hyq1 Hip Hsm,

H,, =ULAU,, = 0o .- : : (4.17)
0 e 0 Hm,m—l Hm m
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The above algorithm gives

k
AV, = ZVszk +VeriHeprn, k=1,...m, (4.18)
i=1

which can be written in a form as
AU’rn = U’H’LH’"L + [Oa sy 07 Vnz+1Hm+1,7rL]- (419)

Letting A,,, = diag(S\l, e :\mr) be the diagonal matrix of eigenvalues of H,, corresponding to the

eigenvectors Y,,, = [y1, ..., Ymr], the above relation gives
AUnYm — U Hn Yy = [0, 0,0, Vit Hog 1.0m] Vo (4.20)

If we denote by X,,, = U,,,Y,, the matrix of approximate eigenvectors of A and by Y r the last r
block of Y,,, we have

|| AXm - Xm]im ”2:“ Herl,mYm,'r H2a (421)

which will be used for the stopping criterion in the following numerical evaluation in Appendix A.

4.2 The Arnoldi Iteration

The Arnoldi process, which have the disadvantage of increasing computational complexity per
iteration step, can be improved with the restarting technique, by which the dimensions of the
Krylov subspaces is kept modest (see Saad [55]). In the iterative variant, we start with an initial
vectors V7 and fix a moderate value m, then compute the eigenvectors of H,,. We begin again,

using new starting vectors computed from the approximate eigenvectors.

4.2.1 Explicitly Restarted Arnoldi Iteration

The algorithm of the explicitly restarted Arnoldi iteration is summarized below. The choice of m
is usually a tradeoff between the length of the reduction that may be tolerated and the rate of
convergence. The accuracy of the Ritz values typically increases as m does. For most problems,

the size of m is determined experimentally.

Algorithm 4.2.1 (Explicitly Restarted Arnoldi)

1. Choose V; € R™*"

2. Forj=1,...m—1,do
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3. W, = AV

4. Fori=1,...,7, do

g Hij;= VW W;=W; — Vil

6 QiRj =Wy Vit = Q5 Hjpij =R,

7. Compute the eigenvalues of H,, = (H; ;) € R™*™" and select {5\1, ...,S\T} of

largest real parts

8. Stop if their Ritz vectors Xy = [Z1, ..., Z,] satisfy the convergence criteria
9. Define the iteration polynomial 1, ()) of degree k by Sp(Hym) — {1, ..., A}
10. X =vu(A)Xo; QuRi=Xp; Vi=Qs

4.2.2 Other Approaches

The ARPACK software package by Lehoucq and Sorensen [36] implements an implicitly restarted
Arnoldi method. The scheme is called implicit because the starting vector is updated with an
implicitly shifted QR algorithm on the Hessenberg matrix H,,. This method is motivated by the
following result:

Let AV,, = V;,Hy, + rmel be a length m Arnoldi method and é(-) a polynomial of degree

p =m — k where kK < m. Since
AWk = Vind(Hp)[e1, €2, ..., €] (4.22)

holds, if we compute the QR factorization of ¢(H,,)[e1,ea,...,ex] = QxRy then the columns of
Vi Qr are an orthogonal basis for R(¢(A4)V;), where we denote by R(A) the range of matrix A.
We give the basic algorithm as implemented by ARPACK below. Note that the convergence

rate of the method does not depend on the distribution of the spectrum.

Algorithm 4.2. 2 (Implicitly Restarted Arnoldi)

1. Build a length m Arnoldi method AV,, = V,,H,, + rmel with the starting vector
v

2. Until convergence, do

3. Compute the eigensystem H,,S,, = S, Dy, ordered with the k& wanted eigen-
values located in the leading portion of the quasi-diagonal matrix D,,

4. Perform m — k = p steps of the QR iteration with the unwanted eigenvalues of
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D,, as shifts to obtain H,,Q., = QmH,}

5. Restart: Postmultiply the length m Arnoldi method with @Qj to obtain the
length k& Arnoldi method AV,,,Qx = V;,QrH,™ + riiel (Q) represents the matrix con-
sisting of the leading k£ columns of @Q,,, and H ,j is the leading principal submatrix of
degree k of H,!)

6. Extend the length k& Arnoldi method to a length m one

4.3 Polynomial Accelerations Techniques

Suppose A € R"*" is a diagonalizable matrix with eigensolutions (z;, ;) for j = 1,...,n. Letting
1(+) be some polynomial, the current starting vector v; can be expanded as ¥(A)v; = z19(A)G +
<o 4 2p,10(A\p)C, in terms of the basis of eigenvectors. Then if we assume that the eigenvalues
are ordered so that the wanted k ones are located at the beginning of the expansion, we seek
a polynomial such that max;—ky1,.. » [¥(A)| < min;=1 . x|¥0(A;)|, where the components in the
direction of unwanted eigenvectors are dumped.

The acceleration techniques attempt to improve the restarted Arnoldi iteration by solving this
min-max problem, where a Chebyshev polynomial ¢(A) on an ellipse containing the unwanted Ritz
values is applied to the restart vector to accelerate convergence of the restarted Arnoldi iteration.

The full theory on these techniques will be described in Chapter 5 and 6.
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Chapter 5

Polynomial Acceleration

The idea of using preconditioners has been developed for solving linear equations to improve
the properties of problems. Although it has been developed more recently, preconditioning is
an effective approach for eigenvalue problems. We present some important properties for basic
iterative methods in Section 5.1 and introduce the ideas of the polynomial acceleration in the

preceding sections.

5.1 General Theory

5.1.1 Basic Iterative Methods and Their Rates of Convergence
Consider a linear system of n equations
Az =b. (5.1)
Definition 5.1. 1 For a vector x, the residual of (5.1) is denoted by
r=r(z) = Az —b. (5:2)
A basic iterative method is written in the form
Cdiyr=m7, myi1=x+d1, 1=0,1,2,... (5.3)

where r; = Ax; — b is the residual and d; is the correction at stage [. xo is an arbitrary initial
approximation and C'is called the preconditioning matriz, which is chosen variously for accelerating

convergence. A = C — R is called a splitting of A and (5.3) can be rewritten as

Clerl = Rx; + b, = 0,1,2,... (54)
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Lemma 5.1.1 For an arbitrary square matriz A,
lim A* =0 <= p(A) < 1. (5.5)

k—oo

Theorem 5.1.1 The sequence of vectors x; in (5.4) converges to the solution if and only if

p(C7IR) < 1.

Proof. Letting B be the iteration matriz B = C 'R and ¢; = x — x;, we have Ce;; 1 = Re; and

em = B™eq by recursion. By Lemma 5.1.1, we have e,;, — 0, m — oo if and only if p(B) < 1. O

Definition 5.1.2 || B™ || is called the convergence factor for m steps and Ry, =|| B™ |7 is

called the average convergence factor for this norm.

Definition 5.1.3 r,, = —log,y R, is called the average rate of convergence and r =

—log10p(B) = —logyg Reo is called the asymptotic rate of convergence.

5.1.2 Stationary Iterative Methods

Definition 5.1.4 A first-order iterative method for the solution of Ax = b is defined by
Cdiyr = —niry, zip1 = 2 +dipr, 1=0,1,.. (5.6)

where {71} is a sequence of parameters. If i, = 1,1 =0, 1, 2, ..., then the method is called stationary

and otherwise nonstationary.
Definition 5.1. 5 A second-order method is defined by
Csy=ry, vig1 =gy + (1 — a))a—1 — Gis;, 1=0,1,.., (5.7)
where {a;}, {Bi} are sequences of parameters with ag = 1.
Letting e; = ¢ — x; the errors, we have
eir1 = (I —1Ae (5.8)
from the above result and

€m = H;l_ol(l - TlA)e() = Pm(A)€0 (59)
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for some polynomial P, of degree m such that P,,(0) = 1. Similar relations hold for the second-
order iterative method. Then we have
Fem 2=l Pn(A)eo 2= Pn(A) [l2]l €0 llo= max [Pm(Xj)] | €o [|2 (5.11)

(see Dunford and Schwartz [15]).

Definition 5.1. 6 Let A be s.p.d (symmetric positive definite). The weighted vector-norm is de-
fined by

|z av= (a7 A%z)2, (5.12)
where v is a real number.

Theorem 5.1.2 Assume that C and A are s.p.d. and consider the first-order stationary method
with a fived parameter 7. If we assume that C~'A has eigenvalues \; with extreme eigenvalues

AL, Ap where 0 < Ay < A, the method converges if 0 < 7 < 2/A,.
Proof. The former part is the consequence of the relations
em = Pp(C 7 A)eg = (I — 7C71A)™eg (5.13)
and
3

lem Il 3 /leo |l 3 < p(T = 7C72ACT2)™ = max{|1 — TA], |1 = 7An|}™ (5.14)

Note that the minimum value of p(I — 7C~2 AC~2)™ is taken for 7 = 2/(A\; + \,), which follows

from
minp(I — 7A"2CA™2) = min{|1 — 7M1, |1 — 7An|} = (1 = A /A0) /(14 A1 /An), (5.15)

where 1 — 7A\; = 7\, — 1 holds. O

Similar results can be obtained for the second-order iterative method.

Theorem 5.1.3 Assume that the eigenvalues \; of C ™' A are positive, with extreme eigenvalues

AL Ans A1 < Ap. If we consider a stationary iterative method with the fized parameters «, 3, the
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method converges if and only if 0 < a < 2, 0 < 8 < 2a/\, and the asymptotic

convergence factor
1s smallest and equal to
3 _ /M
(Qopt — 1)2 = <1+1_Z§> 2: L; (5.16)
for
Q= Qopt = T (12_ pg)%, B = Bopt = )\1%{/\” (5.17)
where po = [1 — A1 /An] /[1+ A1/l
Proof.  See Axelsson [3]. a
5.2 The Chebyshev Iterative Method
5.2.1 The First-Order Chebyshev Iterative Method
Consider a first-order iterative method
41 = x; — 1(Azg — b) (5.18)
where A is s.p.d. The smallest spectral radius
p(I =7 A) = (1= A /An)/(1+ A /An) (5.19)
is taken with 7 =2/(\, + A1).

We consider to choose a suitable set of parameters {7;} to accelerate the convergence by mini-

mizing the norm || e, |4~ of the errors e, = x — z,, after p iterations, that is,

ep = Qp(A)eo, (5.20)
where
Qp(¢) =25 (1 = 7Q), (5.21)
Then we have
I ep llar<Il Qu(A) [lav] €0 |av - (5.22)
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Since

| @p(A)y ||
Q,(A v= Imax ——————— = max |[t; 5.23
where {u;} are the eigenvalues of Q,(A), we have
| @p(A) [lar= max |Qp(A:)] (5.24)

to be minimized. So we can simplify the approximation problem to the corresponding problem

I @p(A) [lar=max [Qy(X)| < | max |Qy(C)] (5.25)

TS

for the continuous interval.

Theorem 5.2.1 The least mazimum of (5.25) is achieved by the Chebyshev polynomials, namely,

AntA1—2¢
7 (52|

min  max = max
Qpen})Algch\n'Qp(C)l MCSx (w)
P\ An—X1

1

PSR (5.26)
Ty (Azéxi )

where Tl is the set of polynomials of degree at most p which take the values unity at the origin,

p

and T, is the Chebyshev polynomial of first kind

L,(0) = 5 [+ VE =1+ (¢ - V@ =1p]. (5.27)

DN | =

Proof. Let

R(¢) = Qp(O)M

n AL

- (<) (5.28)

be a polynomial of degree p, which takes on zero at { = 0. If we assume that
An+ A1 —2C
T, ——||. 5.29
p ( >\n _ )\1 ( )

R(¢) changes sign in each interval ({;, (i+1), since Tp((An + A1 — 2¢)/(An — A1))) = (—1)%, where

max [|Qp(¢)/Qp(0)] <  max

AISCSAH /\ISCSAn

¢i = cos(im/k), and maxy, <c<x,

T, (%)‘ = 1. So R(¢) has p zeros in addition to the zero
at ¢ = 0, which is in contradiction to its degree p. Hence assumption (5.29) is false, which proves

the theorem. O
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By the relation (5.21), the optimal parameters 7; are given by

1 C2+1

N Cosol n NSV 0[ = TTF, | = O, 17 ey P — 1. (530)
2 2

T —

Since the extreme eigenvalues are not known, lower and upper bounds a(a > 0) and b of these

eigenvalues are used in practice. Consequently, we can see that

1 oP

=2
AntA1 1 + O'Qp
An—A1

(5.31)

anlelgrli, 2o, @(C) = : (

where 0 = (1 — /A1 /M\)/(1 + /A1 /A), and that the asymptotic average reduction rate is

1

lim,—, oo (min max |@Q,(¢)|)» = o. Thus, for any €, 0 <e < 1,

M <e (5.32)
I'eo [l
holds if
oP
2 T <e, (5.33)

which holds for p > p* where

1 1
p* =1In (E + \15—2 - 1> /Ino™t. (5.34)

If we assume that e < 1 and A\, /A > 1,

9 1/A\2 2
< Mn=/lne 1< (Z22) InZ=. 5.35
p< /o5 (52) w2 (5.35)

The above technique can be applied to the first order iterative method with a preconditioning

matrix C, if C~'A has positive eigenvalues. Note that the number of iterations increases at most

as the square root of the condition number of C~1A.

5.2.2 The Second-Order Chebyshev Iterative Method

For the second-order iterative method, the parameter sets {ay, G;} of

Ti41 = oqx; + (1 — Oél)l‘l,1 — ﬁl’l“h [=1,2,.., (536)

1
71 =20 — 5 foTo- (5.37)

can be determined independently of rounding errors.
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By comparing the relation

Qi+1(A) — aQi(A) + BAQI(A) + (u = 1)Q1-1(A) =0, 1=1,2,.. (5.38)
with the recursion formula
To(z) =1, Ti(2) = 2z, Ti+1(2) —22T1(2) + T1—1(2) =0, [=1,2,.. (5.39)

for the Chebyshev polynomials, we can derive a Chebyshev iteration method

Qi(A) =Ty(2)/Ti(b), Z = ﬁ[(b +a)l — 24], (5.40)
where
) Ti_1(b) 4 Ti(b)
“TTa® T T e 40
and
0<a<A,b>X\,, b= (b+a)/(b—a). (5.42)

The parameters are defined by the following recursions:

a+b 1
ﬂlv ﬁl:

2 5t —(05) A

a = 1=1,2,.., (5.43)

Bo = 4/(a +b). (5.44)

Note that the sequence {3} decreases monotonically and converges to 3 = 4/(v/b+ v/a)?,1 — oo,

which is equal to the optimal parameter B,p¢ in the stationary second-order method.

5.2.3 The Chebyshev Iterative Method for Nonsymmetric Matrices

Assume that the spectrum of a real nonsymmetric matrix A is contained in an ellipse in the

righthalf complex plane,

b+a_b—a
2

S:{§|§: (cos@—i—iésin@)/\/l—dz,0<9<27r}, 0<a<b (5.45)

where (a,0) and (b,0) are the foci of the ellipse, ¢ is the eccentricity. Since the ellipse does not

contain the origin, we have

[\
A

0 <

(5.46)

—
+
e
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from the relation (b+a)/2 > (b—a)/(2v/1 — 6?). Note that for 6 = 0, S is the interval [a, b].

The transformation

_b+a—-2¢

Pi¢)== — (5.47)
takes the given ellipse S into a new ellipse
E={z|z=(cosf+idsinf)/\/1—42 0<6<2r}, (5.48)
the foci of which are (—1,0) and (1,0). Letting p; = 1/[(1 4+ 6)/(1 — J)], we have

1 1 1 . )
E={z]z= §(p1 +pr 1) cos b + Zé(pl —py)sing = 5(,01619 +p7te ), 0< 6 <2r}). (5.49)
Consider the Chebyshev polynomial
1
Tk(2) = 5{[z+ V22 =1+ 2+ V22 - 1]7F}, (5.50)

which is a polynomial of degree k in z € C. Then

1 i —k_—i
Ti(2) = 5 (pre™ + prhe™™) (5.51)
and
max |T(2)] = = (o + p7*) (5.52)
z€€ 2 1 1 ’

where the maximum is taken for 8 = 0, for example. Therefore, we get

T =T,
max [Tk (2)] = Te(— v

(5.53)

Note that the parameters

1 20+1
= T

— =
et 52 T %

T =

. 1=0,,,p—1 (5.54)

for the first-order method and those given in theorem for the second-order method are same as for
the real interval [a, b], corresponding to § = 0. Considering the normalized polynomial, we find the

average asymptotic convergence factor

1
1 1 k
Ty (P " Ti( =)
P {r?aé( |TkEP1§8;|} = i
— 00 € — 00 a —a
R T ( (b+a)(b—a) )
= im P T
k—oo Tk(a)z
P1
= —, 5.55
oa++Va? -1 ( )
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of the corresponding iterative method, where

a_b—i—a _1+9
_biaapl_ 175

s (D ()

Note that p < 1 holds under the above condition on 4. Since the factor p gives only the asymptotic

(5.56)

Thus, we get

rate of convergence

1
&
(' L |> —p, k- oo (5.58)

7o |l
The convergence may not be monotone for nonsymmetric problems.
5.3 Optimal Parameters for the Chebyshev Polynomials

5.3.1 The Mini-Max Problem

Consider the equivalent form of the Chebyshev polynomials (5.27)
T, (2) = cosh(pcosh™'(z)) (5.59)

and let F(0,1) be the member of the family of ellipses in the complex plane centered at 6 with the

focal points at 6 + ¢ and § — 1}, where § and ¥ are complex numbers.

Lemma 5.3.1 Suppose z; € F;(0,1) and z; € F;(0,1). Then we have

Re (cosh™(z;)) < Re(cosh™!(z;)) & F(0,1) C F(0,1), (5.60)
Re (cosh™(z;)) = Re(cosh™!(z;)) & F(0,1) = F;(0,1). (5.61)
Proof. See Manteuffel [38]. O

For the scaled and translated Chebyshev polynomials P, (¢) = T5,((0 — €)/9)/T,(5/9), we can
see that

en coshfl(%) + e—ncoshfl(%)

en cosh™1 (%) 4 efncoshfl(%

e7tcosh71(%)—n005}171(%) (562)
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for large n, using the definition of the cosh. Therefore, letting

p(¢) = lim |Py(¢)" (5.63)
be the asymptotic convergence factor of P, (() at the point ¢, we get
p(C) — eRe(cosh’l(’s%)—cosh’l(%)). (564)
From the Lemma 5.3.1 and the above definition,
p(G) < p(G) & Fild,9) C F;(8,9), (5.65)
p(G) = p(G) = Fi(6,9) = F;(6,9), (5.66)
PO =1 & (EF@E9) (5.67)

holds, where ¢; € F;(6,7), ¢; € F;(6,9) and .7:'(57 1) is the member of the family passing through

the origin. Thus, we have

0 ¢ is inside of F(8,19)
lim P,(¢) = ) . (5.68)
e 00 ¢ is outside of F(0,9)

The following theorem is useful for the subsequent discussion.

Theorem 5.3.1 There exists a unique polynomial t,, € T} such that

to(C)] = mi 2O, 5.69
rgleagl (9] Sgg%rgg\s (9] (5.69)

where T is a closed and bounded infinite set in the complex plane.
Proof.  See Hille [29]. a

If the region is bounded by an ellipse £ with real foci § + ¥ and § — ¥ that does not contain the

origin in its interior, we have the following result.

Theorem 5.3.2 Let 0 <9 <a<d. Ift, € 7} satisfies the above condition then

T (°5%)
tn(C) = Pul(Q) = — 5 (5.70)
Tu($)
Proof. See Clayton [11]. O
The result remains asymptotically true when ¢ and 1 are complex values:
Proposition 5.3. 1
Jim min, max s, Q)17 = lim_ max [P Q). (5.71)
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Proof. We begin by showing that

min | P,(C)] < min, max|s, (¢)] < max [P (C)]- (5.72)

speT): C(EE

The inequality on the right is trivial. Suppose that the inequality on the left is false:

i n(Q)] < min [P, (). 5.73
Jmin, max fsn (Q)] < min [Po(C)] (5.73)
It implies that
min s,(¢) < Po(C) (5.74)
SnET,,

when ¢ € £. By Rouchés theorem, P,(¢) — min,, cr1 5,(¢) has as many zeros in the interior of
& as ming cx1 5,(C). Pn(C) has n zeros on the segment joining the foci 6 — ¥ and J +9J. On
the other hand, P,(0) — min, c1 5,(0) = 0 where the origin is exterior to £, which proves that
P, —ming ¢q1 s, is the zero polynomial, since its degree does not exceed n and it has at least

n + 1 distinct zeros. Thus P, (¢) = min,, 1 5,(¢) on &, which contradicts our hypothesis. a

If we use the log form of cosh™*

cosh™ (w) = In(w + (w?® —1)7), (5.75)
we have
PR (o (G eV O [ S I (Sl (5.76)
B+ (G- 5+ (57— )8
and, by (5.20), the mini-max problem for a matrix A with eigenvalues )\; is written as
—\s —2)2 _92) 3
min max p(\;) = min max (0= A) + (0= A) : ) . (5.77)
\ 59 X 02+ (62 —¥?)2

Definition 5.3.1 Let H = {\; | A\iis a vertex of the smallest convex polygon enclosing the spectrum of A}
and HT ={\; € H | Im (\;) > 0}.
Lemma 5.3.1 The mini-maz problem can be written in the form
Aiy6,0) = Ai,0,9) = Aiy 6,1). .
max p ) = max p( ) Jnax. ol ) (5.78)

Proof. The lemma holds from (5.67). a
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5.3.2 The Mini-Max Solution

For the above mini-max problem, we use the following theorem from the functional analysis.

Theorem 5.3.3 (Alternative Theorem) Let {f;(z,y)} be a finite set of the real valued func-
tions of two real variables, each of which is continuous on a closed and bounded region S, and

let
m(z,y) = max fi(z,y). (5.79)

Then m(x,y) takes on a minimum at some point (xg,yo) in the region S. If (xg,yo) is in the

interior of S, one of the following holds:
1. The point (xo,yo) is a local minimum of f;(x,y) for some i, such that m(xo,yo) = fi(zo, yo)-

2. The point (xq,yo) is a local minimum among the locus {(z,y) € S | fi(z,y) = fj(z,y)} for

some i and j, such that m(xo,yo) = fi(zo,y0) = fi(z0,y0)-
3. The point (zo,Yyo) is such that m(zo,y0) = fi(z0,%0) = fi(z0,%0) = fre(xo, yo) forsomei,jandk.

Proof. See Bartle [6]. O
Denote by (p the smaller intersection point of the ellipse and the real axis. Since p(¢,d,9?) takes

on the same value at each ¢ € F;(9,9),

(0 —Go) + (6 — Go)? — ¥?)3 .

p(Ai, 6,9%) = p(Co, 6,9%) = 5+ (02— 07)} (5.80)
Note that if we let (§ — (o)? = a?,
sy at@ =0 @-w) g
P, 8,07) = 5+ (82 —92)% PEE I S L (5:81)

We have the following results for the problem (see Manteuffel [37]):

1. Suppose the positive hull H* contains only one eigenvalue A\; = x1 + iy;. Then the only
local minimum of the function p(\1,d,9?) occurs at § = xy, 92 = —y?, that is, the member

of the family passing through \; is the degenerate ellipse. In this case, we have

Y1
o\, 21, —yl) = ——F— (5.82)
Y + (a2 +2)3
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2. Suppose the positive hull HT contains two eigenvalues A\; = x1 +iy; and Ay = x5 +iys. The

Alternative Theorem yields that the solution must occur along the intersection of the two

surfaces
p(A1,8,9%) = p(Xg, 6,0%) (5.83)
using the relation
pAr, @1, —y1) < p(A2, w1, —yi) (5.84)
p(A1, 22, —y3) > p(A2, 22, —y3). (5.85)

Since A1 and Ay satisfy the equation of the same member of ellipses,

(6 —x1)? T
S R (5.86)

(6 — x2)? Y3
a2 + a2 _ 192

=1. (5.87)

Let

To — X1 _ Xat 1 g0 T:y2+y1

A=—%— B=—73 2

(5.88)

and assume that x5 > x1. If S =0, then

(a? — (42 + 7))

§=DB, ¥= o (5.89)
If S # 0, then
g2 (6= (B4 D)0~ (B - AT)(6 - (BAF)) (5.90)
0—B
T T
a>=(6—(B- Ag))(‘S —(B- Ag)) (5.91)

If S = 0, the only local minimum is found in terms of ¥ = a? as the only real root of the

cubic polynomial
QY+ @y’ +asy+aa=0 (5.92)

in the interval (42, B?), where coefficients are

@ = B*+1T? (5.93)
@ = -3A°B% (5.94)
g3 = B3A'B? (5.95)
@ = —A'B%(A%241T?). (5.96)

41



If S # 0, then the only local minimum can be found in terms of z = § — B as the root of the

polynomial
5 4 3 2 _
p12° + p2z” + p3z” +paz” +psz+pe =0 (5.97)
in the interval

(0,4) for S>0

(=A,0) for S<O0. (5.98)
where the coefficients are
T S ST T S
ST T S T S )
p2 = (2B+ s A(§ + T))((QAB + ST)(E + T) +4A%)
T
+B%*(2B — Al + ;)) + B(B? — A?%), (5.100)
. T 8 T 53 T S
_ 2 3 - ~ 2 - oy - =
ps = 4A 4AB(S+T)+AST((S3+T3) 3(S+T))
T2 S2
+A2B2(§ + 75 +3), (5.101)
T T S S
= AST((B— A=)(B—-3A= B—-A=)(B—-3A= 102
P ST((B — Ag)(B = 34%) + (B~ AZ)(B ~3A7)). (5.102)
[ T
ps = —3A3ST(2B — A(§ + %)), (5.103)
ps = —3A°ST(B? - A?). (5.104)

The best point is called a pair-wise best point and the associated ellipse is called the pair-wise

best point. Its convergence factor is as in (5.81).

. Suppose that the positive hull HT contains three or more eigenvalues. Since the mini-max
solution must be a pair-wise best point or a point of intersection of three surfaces, the pair-
wise best point of A\; and As is the mini-max solution if and only if the pair-wise best ellipse
contains the other eigenvalues in the closure of its interior. Let \; = x1 + iy1, As = T2 + iy,
and \3 = x3 + iy3, where 1 < z2 < x3, be the three eigenvalues in the positive hull. Then

there is the unique point (8,9?) such that
p(A1, 6, 192) :p()\%é’ﬁ?) :p(/\3a57192) (5.105)
only if

(z2 — 1) (5 — u7) < (z3 — 1) (45 — ¥7), (5.106)
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where the parameters are

1yi(a8 — a3) +y3 (a3 — 21) +y3(af — 23)

)
6 = , 5.107
3 2 (wa — ) + 3 (w5 — 1) + 43 (21 — 72) (5.107)
2 _ 2 Y2rows(ze — x3) + y3z123(T3 — 1) + YIT122(21 — T2)
@ = - 2T Ll iR . (5.108)
yi(we — x3) + y5(x3 — 1) + y5(x1 — 23)
P~ 2 (1 il —@3) +y3(xs — 1) +yF(an — xz)) . (5.100)
(1 — @2) (22 — 23) (73 — 71)

Such a point, referred to as a three way point, can be the mini-max solution only if the
associated ellipse passing through A, Ao, and A3, referred to as a three-way ellipse, contains

the spectrum in the closure of its interior. Its convergence factor is as in (5.81).

Algorithm 5.3.1 (Chebyshev Acceleration)

1. For each pair of eigenvalues in the positive hull, find the pair-wise best point

2. If the pair-wise best point contains the other members of the positive hull in the
closure of its interior, then it is the mini-max solution

3. If no pair-wise best point is the solution, find the three-way point, if it exists, for
each set of three eigenvalues in the positive hull

4. If the associated three-way ellipse contains the other members of the positive hull
in the closure of its interior, this point is a candidate

5. The three-way candidate with the smallest convergence factor is the mini-max

solution

5.4 The Chebyshev Arnoldi Method

5.4.1 Application to the Nonsymmetric Eigenproblems

We consider here the application of the above restarting techniques to the Arnoldi process. Al-
though the drawbacks of the Arnoldi process can be solved by using the method iteratively as was
seen in Chapter 4, in some cases the minimum number of the steps m that must be performed in
each inner iteration in order to ensure convergence of the process becomes too large.

These difficulties may be overcome by taking a large enough m, but it can become expensive
and impractical. In order to avoid these shortcomings, we consider the use of the iterative Arnoldi
process in conjunction with the Chebyshev iteration. The main part of this hybrid algorithm is

a Chebyshev iteration, which computes a vector of the form z; = p;(A)zg, where we denote by p;
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a polynomial of degree i and by zy an initial vector. The polynomial p; is chosen to amplify the

components of zy in the direction of the wanted eigenvectors, while damping those of the unwanted

eigenvectors. Once z; = p;(A)zg is computed, a few steps of the Arnoldi iteration, starting with

an initial vector v; = z;/ || 2; ||, are carried out in order to extract the wanted eigenvectors.

5.4.2 The Chebyshev Iteration

Assume that the parameters of the best mini-max polynomial

To(55%)
pn(C) = TT&_@
n(5)
is given beforehand. Letting p, = T,,(({1 — 9)/0) for n = 0,1, -, we have
=19 =19
pn+1pn+1(<) - Tn+1 (5 - QTpnpn(C) - pn—lpn—l(()a
which can be transformed into
(-9
Pnt+1(C) = 20041 Tpn(o = 0n0n-1(C)
by setting 0,41 = pn/pn+1, where o;, i = 1,2, - - is computed from the recursion
o — )
1 = )\1 — 197
1 =1,2
On+1 2/0_170_717 n=1».14...

The basic algorithm for the Chebyshev iterative method is as follows:

Algorithm 5.4.1 (Chebyshev Iteration)

1. Choose an arbitrary initial vector z

5

2. g1 = —9

¢
3. 21 = % (A -9z
4. Forn=1,2,---,do

— 1
5. On+1 = 2/01—0n

6. Zng1 = 275 (A — 00z — 0n0Ons12n-1

The algorithm of the Chebyshev Arnoldi Method is as follows:

Algorithm 5.4. 2 (Chebyshev Arnoldi)
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1. Choose an orthonormal set of r initial vectors V7, a number of Arnoldi steps m, and
a number of Chebyshev steps n

2. Until Convergence, do

3. Perform the m steps of the Arnoldi algorithm starting with V3

4. Compute the m eigenvalues of the resulting Hessenberg matrix H,, and select
the r wanted eigenvalues 5\1, e A

5. If satisfied stop, otherwise continue

6. Using Sp(H,,) — {5\1, ceey ;\T}, obtain the new estimates of the parameters § and
1 of the best ellipse

7. Compute the sequence of r initial vectors Zj for the Chebyshev iteration from
the approximate eigenvectors Z1, ..., T,

8. Perform n steps of the Chebyshev iteration to obtain Z,

9. Take V7 as the orthonormalized vector set computed from Z,, and go back to 1
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Chapter 6

Least Squares Based Polynomial Acceleration

The choice of ellipses as enclosing regions in Chebyshev acceleration presented in Chapter 5 is overly
restrictive and ineffective, especially when the shape of the convex hull of the unwanted eigenvalues
bears little resemblance to an ellipse (see Smolarski and Saylor [65] for various examples). In this
chapter, we introduce the idea of acceleration using the least squares polynomials, and propose an
efficient method for determining its parameters to solve this problem.

We begin with some definitions of notations in Section 6.1. The mini-max polynomial, which
can be derived from the definition of a new norm on the boundary, is introduced and combined

with the Arnoldi method as an accelerator in Section 6.2.
6.1 Basic Approach

Let 7 be a simply connected region in the complex (-plane.

Theorem 6.1.1 (The Maximum Principle) If a function f(¢) is defined and continuous on
a closed bounded set T and analytic on the interior of T, then the mazimum of |f(¢)| on T is

assumed on the boundary of T .
Proof. See Ahlfors [1], for example. m]
Using the above property, we can regard the mini-max problem introduced in Chapter 5 as

being defined on the boundary of the region which contains the spectrum. Let the boundary C of

the region be a continuum consisting of a finite number of rectifiable Jordan arcs. The integrals

46



considered will have the form

/ﬂM@L (6.1)
C

where f(() is a Lebesgue-integrable function defined on C' and |d(]| is the arc element on C.

Definition 6.1.1 The scalar product of two functions f({) and g(¢), ¢ on C, is defined by the

integral

/ F(¢ ¢)ldc]. (6.2)

We introduce here the least squares residual polynomial minimizing an Ly norm with respect to
some weight w({) on the boundary of a convex hull formed from the approximate eigenestimates.
Note that the constraint p,(¢) € 7} is not necessary for the eigenproblems (see Section 6.3).

The contour considered here is the finite union of line segments:
Definition 6.1.2 Denote by ‘H the convex hull constituted from the u vertices hg,- -, h,, and by
1
’01, = §(hl/ + hu—l) (63)

5, = %(hl,—hy_l), (6.4)

the center and the half width on each edge C,, v = 1,2,...,u, respectively. We can define the

Chebyshev weight

Q)= 28— -0 F, e (6.5)

on each edge C,,, and the inner product
(v.9) :/hmwm@m| (6.6)
C
M 7
Z/ Q) = Y (p.a) (6.7)

v=1

on the boundary C. A norm is defined by || p ||%= (p,p).

Thus, we can rewrite the problem as

= i . 6.8
i malp(O) = min o 11(6) I o

An algorithm using explicitly the modified moments (¢;(¢),¢;(¢)), where {¢;} is some suitable

basis of polynomials, is developed for the problem of computing the least squares polynomials in
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the complex plane. The set of Chebyshev polynomials suitably shifted and scaled is reasonable as
the basis {t;} rather than the power basis {1,¢,(?,---,(" 1}, which forces unstable computation.

However, the matrix M,, whose elements m; ; are defined by
mij = (tj-1,ti-1), 4,7 =1,2,.,n+1 (6.9)

is still likely to become increasingly ill-conditioned as its size n + 1 increases.

We express the polynomial ¢;(¢) in terms of the Chebyshev polynomials

- 19u .
¢ is real. (6.10)

Z cp(V)T where &, = 5

()

The expansion coeflicients ¢;;j can be computed easily from the three term recurrence of the

polynomials

Brr1ter1(¢) = (¢ — ar)tr(€) — tr—1(C)- (6.11)

6.2 Least Squares Arnoldi

In this section, we propose a new algorithm to get the mini-max polynomial for the accelerating
the Arnoldi iteration.

We can orthogonalize the system and lead to a set of polynomials {p,({)}, where

(a) pn(¢) is a polynomial of degree n in which the coefficients of (" is real and positive;

(b) the system {p,(¢)} is orthonormal, that is,

/Cpn(C)@n(C)w(C)ldq = 0pm, mn,m=0,1,2,.. (6.12)

Definition 6.2.1 Let f(¢) be a continuous function defined on C and let there correspond the

formal Fourier expansion

F(€) ~ fopo(Q) + fipi(Q) + -+ + fupn(Q) + -+ - (6.13)

The coefficients fy, called the Fourier coefficients of f({) with respect to the given system, are
defined by

Fo = (fipn) = /f Oldcl, n=0,1,2,.. (6.14)

Theorem 6.2.1 (Bessel’s Inequality) The partial sums s,(C) of (6.13) minimize the integral

/ (¢ 20(C)dC| (6.15)
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if p(¢) ranges over the class of all w,. The minimum is

/C FOPWONC] = fol? = 11 = -+ £l (6.16)

This also yields Bessel’s inequality

ol 1A+ oo+ 15 <O = [ FOPw(@IC (6.17)
Proof. For any finite system of complex numbers cg, ¢, ¢, ..., ¢,, We have
n 2 n n
Hfzcipi - <fzcip¢,fzcipi)
i=1 w i=1 i

n

= ||f||12u_zcz.fl Zczfz+2|cz|2

=1 =1
= £ _Z‘fi|2+2|f1‘_ci|2 (6.18)
i=1 i=1

by orthonormality of {p,}. Since the minimum of (6.18) is attained when ¢; = f; (i = 1,2,...,n)

we have || f =370, cipi |3, and hence 3757 |£il* <]l f I3 O

The Theorem 6.2.1 has the following important consequence:
Corollary 6.2.1 (Nishida 1994) An orthonormal system {p,({)} satisfies the condition (6.8).

Using the above properties of orthogonal polynomials, we can describe the new method to

generate the coefficients of the ortho-normal polynomials

zn; (C O > , (6.19)

in terms of the Chebyshev weight.

From the condition (6.12) of orthonormality on p(¢), we have

p 0 9
(po,po) = Z<po,po>yz22(wf{3 =1, (6.20)
v=1 v=1
n H o2 9
(p1,m) = Z<P17P1> = [2‘90 % } =1, (6.21)
v= v=1
n n
(Po,p1) = Z (Po, P1)v QZQO(()V(% 5”1) = (6.22)
v=1 v=1
on C. From (6.20), we have
|062| = L 12 (6.23)
0,0 2/147 9 Sy ey
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and we can choose 1/+/2p as @éyg

Note that each expansion of p;(¢) at any edge must be consistent. The consistency of

p1(Q) = o] + e = 0.) /6, = (91 /8,)¢ + o5 — 10,15, (6.24)

between any edges C,, and C,» where v # v/ derives the relation

o186, = ¢ /o, (6.25)
90(()1,11) - (pgljl)ﬂu/(su = 9087/1) - <P51:1)19V'/5u', (626)

which can be rewritten as
P =0t o) — vt =) — ot (6.27)

where ¢ is a real number. The condition (6.22) yields the relations

i( ) Zﬁt— (9001—1%/15), 1<V <y, (6.28)

v=1

which derives

o) =Vt (ZM: 19V'> t/p. (6.29)

v'=1

Putting (6.29) into (6.22), we get

9, — (Z#: 1%/> /1

v'=1

" 2

2>

v=1

n
243 16,1 =1, (6.30)

which determines the value of ¢t as

1
t:ﬁ, S=>"2

v=1

+16,%] . (6.31)

L 2
¥, — <Z ﬂu’) /,LL

Thus, we can compute the values of all the coefficients of the polynomial using the values of

0y, 9y ,and p.

Using the expansion (6.10) and (6.19), the three term recurrence

Brr1Pr+1(¢) = (¢ — ar)pr($) — mpr—1 (€) (6.32)

on the p;(¢) can be rewritten as

k k—1
Brs1pri1(Q) = (o€ + 0y — i) D@ 0TH(E) — e D oD To(E). (6.33)
=0

=0
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From the relations

&1 (51/) = L [ z+1(§v) + T 1(€V)] for i > 0, EVTO(fu) = T1(§u), (6~34)

(6.33) is expressed by

Z%ﬁu &) = 801T0(5u) (¢0+;s@2> T1(&) +

1
—(pic1 +vir1)Ti(&) + (Pn—1+ ent1)Tn(&),  ©nt1 =0, (6.35)

+2(

l\.’)\r—\

which is arranged into

(v) (v) n v) (v)
90 n v P2,n Pi— N (pz ,n
Buiipnsr(() = 8 | 22Ty(E,) + (wgz =" >T1 &)+ +Z< e )Ti@
=2
n n—1
+ (=) D DITHE) — T Z%n &), T_y=T. (6.36)

Proposition 6.2. 1 Comparing this equation with (6.19), we find the following relations

v 1 v
Busr@imin = 50 <z9 — an)pln = i1 (6.37)
6n+190(1,yr)t+1 = ( ) (D _O‘n)<P() 'YT#’%% 1) (6.38)
) )
14 cpl n CPZ N 174 .
Borpl)yy = ( L k ) (W) — an) o) — Al i =2, +1,(6.39)
where
" =), ) =0 fori>n. (6.40)

From (6.32) and the orthogonality of the Chebyshev polynomials, we can derive

Brs1 = (Drs1,prgr)?

o
— Z/ Pr+1DPk+1wy (€)]dC]
v=1
, k+l

Z Zl 0 Pi, P (6.41)

denoting by 3" a modified sum Z/?:Oai =2a0 + >, a;.

«a and 7y are computed by

k
m /
ar = (e =D |0 soﬁ”,jgo7k+6z Kot (6.42)
v=1 B
Yo = (CPr>Pr-1) 25 Uy, (6.43)
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where

() -(v) P v LB e L)

v) (v v s —(v 1—1, i+1, _(v

Vv = P15P0,k-1 T <%,k T ) Piioi+ ) (2 + ) Pi k1" (6.44)
=2

The polynomial obtained in the above procedure is applied to a matrix of the problem in the

following way.

po(A)ve = @ioIvy, 1<v<up, (6.45)
pi(A)ve = o Tvg + 1) /8, - (A — 9, T)o, (6.46)
piv1(A)vo = [(A—a;l)pi(A)vo — vipi—1(A)vo] /Big1- (6.47)

Denoting p;(A)vg by w;, the above recurrence is transformed into

wy = (péljgvo, (6.48)
wy = ‘P((Jljl)UO + Spgljl)/‘su - (Avo — Jyv0) = (‘P((Jljl) - 5051:1)791//51/) Vo + 90:(11,/1)/511 - Avg, (6.49)
Wit+1 = [AU}Z — o;W; — 'yiwl-,l] /ﬁ7;+1, 1= 2, N (650)

6.3 Other Approaches

Consider the problem

min || 1= (¢ = A1)sn (<) [lw, (6.51)

SEMTH_—1

which is to find 7 = (o, 71, 0u—1)" of 5,(C) = 317y niti(C) so that

Jm) =11 = (€= A)sn() [l (6.52)

is minimum (see Saad [57, ?]). The polynomial

n—1

Csa(Q) = D i [Bisrtin () + citi(C) +yiti—1(Q)] (6.53)

i=0
is represented in the basis ¢; for ¢ = 0,1,---,n by the vector T,,n where T, is the n 4+ 1 by n

tridiagonal matrix

Qo M1
51 a1 Y2
B2 o
T, = . (6.54)
’ Tn—1
Qp—1
Bn
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We have

J(’?)Q = [61 - (Tn - )\II>77]H Mn [61 - (Tn - )\11)77] (655)
where e; = (1,0,---,0)T and the coefficients of the moment matrix are given by
- () =( ) =)
Mit101=2Re |y ( e + Zcp,(:]cp,:z)] . i=0,1,..., /. (6.56)
v=1

Let M,, = LLT be the Choleski factorization of M,,. Then we can compute the minimum of
J(n) =] L [ex = Tun] | - (6.57)

As will been seen in Chapter 7, this approach requires some excessive computation.
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Chapter 7

Implementation

7.1 Modeling

7.1.1 The Least Squares Arnoldi Method

We begin with the complexity of the QR algorithm. We use the number of multiplications as the
measure of complexity. The QR algorithm requires 4n? multiplications in one complete step, where
we denote by n the degree of the matrix. The double-shifted QR algorithm, which we use for our
problem, requires 8n? multiplications in one step in which the two shifts concerning a conjugate
pair are performed (see Wilkinson [78]). Hence, denoting the number of the steps of the QR
algorithm by nqr, we see that 4n’nqr real multiplications are necessary to solve the eigenvalue
problem of the matrix A, which can roughly estimated at 10n® (see Golub and Van Loan [24]).

The complexity of the Arnoldi method with the re-orthogonalization, which uses the QR algo-
rithm to compute the eigenvalues of the Hessenberg matrix, is estimated using the above result.
It follows the algorithm of the simultaneous least squares Arnoldi method.

We require in the rth step of the computation of h;., ¢=1,---,7r+1,
n? + 2nr + 2nr +n (7.1)

real multiplications. The total complexity required to obtain the Hessenberg matrix H of degree

m is, therefore,

mn? 4+ 2m(m + )n + (m — 1)n

= mn®+ (2m? +3m —1)n (7.2)

o4



real multiplications. Adding this to the computation of the eigenvalues of H by the QR algorithm,

the complexity of the Arnoldi method is approximately given by
mn? + (2m? 4+ 3m — 1)n + 10m> (7.3)

real multiplications.

The evaluation of the complexity of the least squares Arnoldi method is as follows:

1. The computation of the eigenvalue estimates requires
mn? + (2m? 4+ 3m — 1)n + 10m> (7.4)

real multiplications.

)

2. Suppose that we have p vertices for the convex hull. The computation of the coefficients ¢, f

requires

3
2

17

k
(6 + ;(3 +4+3n)) ~ p[ok? + - Kl (7.5)

complex multiplications where k is the degree of the polynomial. Each complexity of the

other coefficients i.e., 8, a, and =, is

k

pY (i+1) ~ plk®+ 3k, (7.6)
=2
k—1
pY [+ 1)+ (i+1)] =~ p2k®+ 6k, (7.7)
=1
k—1
p{) [+1+2420—-2)]} = p[2k® - 2k] (7.8)
=1

complex multiplications, respectively. The total number of the complex multiplications is

approximately
1 2
§u[l3k + 31k]. (7.9)
3. The polynomial iteration requires
n+1+n+n?+ (k—1)(n*+n+n)=~kn?+2kn (7.10)

complex multiplications.
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The total computation of the least squares Arnoldi method for an iteration consists of the sum

of those of the three parts, i.e.,
mn? + (2m* 4+ 3m — 1)n + 10m> (7.11)
real multiplications and
kn® + 2kn + %u[l?uk? + 31K] (7.12)

complex multiplications.

Moreover, denoting the number of nonzero entries in A by n,, and the number of required
eigenvalues in the block Arnoldi iteration by r, the cost of the block Arnoldi can be defined as
O(rmny, +m?r?n) flops. 10r*m3 flops are required for the computation of the eigenvalues of H,,
of degree mr by the QR algorithm, r3O(m?) for the corresponding eigenvectors by the inverse
iteration, and 2kr n,, + O(n) for the polynomial acceleration. The computation of the coefficients
costs approximately O(uk?) flops, where p is the number of the vertices of the convex hull. Table
7.1 shows that the complexity of the least squares Arnoldi is roughly O(n?), while that of the QR

algorithm is O(n?).

7.1.2 The Additional Cost of the Saad’s Method

The complexity of Saad’s method is more large. We need the additional computation of the least
squares polynomial using the mini-max polynomials of degree i = 0, - - -, n, which are obtained by
our method, as an ortho-normal basis.

The computation of the elements of the matrix M requires

J

ZZ n+ D(n+2)(n+3) (7.13)
7=0 i=
complex multiplications. We need in(n — 1)(n + 1) multiplications to decompose M into LLT.

We compute then the optimal n* which makes

J(n) =[l LT [er — Tn) [|=I| Lirer — Fun | (7.14)

minimum by deforming F,, into an upper triangular matrix by the plane rotations. The plane
rotations require Y ; ¢ = n(n+1)/2 real multiplications. The 7 is determined by the least squares
method. The total superfluous cost of the computation of the least squares polynomial is then
2(n+1)(n+2)(n+3) complex multiplications and in(n—1)(n+1)+in(n+1) = tn(n+1)(2n+1)

real multiplications.
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7.1.3 The Complexity of the Manteuffel’s Method

The complexity of the computation of the best ellipse is rather complicated. It depends on the

distribution of the eigenvalues obtained by the Arnoldi method and classified into several cases.

1. When a pair-wise best point is the mini-max solution, the required computation per a pair
of eigenvalues is at most 7 real multiplications and the solution of a cubic equation, if the
imaginary parts of the two points are equal. If they are not, 78 real multiplications and the
solution of the equation of the fifth degree are required. Moreover we need the judgment
whether the other eigenvalues are in the ellipse or not. The number of pairs is £m(m — 1)

where we denote by m the number of the eigenvalues.

2. If no pair-wise best point is the solution, we need the computation of the candidate ellipse for
every combination of three points, which contains 48 real multiplications for £m(m—1)(m—2)

combinations. Then the ellipse with the smallest convergence factor must be chosen.

The complexity of the Newton’s method for the nonlinear equations depends on the initial value.
Considering that it is used for every combination of the eigenvalues, we can conclude that the least

squares Arnoldi method, whose complexity of the corresponding part is O(uk?) is better.

7.1.4 Other Arguments

The speed of linear convergence of the QR algorithm is controlled by max,—1. ... n—1 ‘)‘f\fl

shifts of origin, the convergence of aslkn) to an eigenvalue is asymptotically quadratic.

. With

The study of the convergence of the Arnoldi method is far less sufficient than that of the Lanczos
method, since the theory of the uniform approximation on a compact set in the complex plane is

not so advanced (see Chatelin [10]).

7.2 Numerical Results

We solved some test problems from the Harwell-Boeing sparse matrix collection (see Duff, Grimes
and Lewis [14]), the computed spectra of which are shown in Figure A.7 in Appendix A, using
the block Arnoldi iteration. Manteuffel’s algorithm was used for reference. Table 7.2 and Table
7.3 indicate that our algorithm shows better performance than Manteuffel’s method in the cases
where the moduli of the wanted eigenvalues are considerably larger than those of the unwanted

eigenvalues.
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Table 7.4 shows the comparative results on the ARNCHEB package by Braconnier [9], the
ARPACK software package by Lehoucq and Sorensen [36], and the Harwell Subroutine Library
code EB13 by Scott [63] and Sadkane [60]. ARNCHEB provides the subroutine ARNOL, which
implements the explicitly restarted Arnoldi iteration and the Chebyshev polynomial acceleration.
EB13 implements the similar algorithm and also uses Manteuffel’s Chebyshev polynomial acceler-
ation. ARPACK provides subroutine DNAUPD that implements the implicitly restarted Arnoldi
iteration.

From the results of Table 7.4, we can derive the strong dependency of the polynomial acceler-
ation on the distribution of spectrum. Figure A.7 indicates that the non-clustered distribution of
spectra causes the slow convergence, since the approximate spectra may completely differ from the
accurate ones. Although ARNCHEB gives reasonable results for computing a single eigensolution,
it can struggle on problems for which several eigenvalues are requested. ARPACK displays mono-
tonic consistency and is generally faster and more dependable for small convergence tolerances and

large departures from normality. However, its restarting strategy can be more expensive.

maximum least squares Arnoldi Arnoldi QR

eigenvalues | Niter m k error time | Miter m error time error time
2 2 5 15 3.6E-15 0.38 2 15 89E-16 0.57 | 5.1E-15 1.87
1.5 3 5 20 3.0E-15 0.70 3 15 3.7E-15 0.82 | 3.6E-15 1.85
1.1 5 10 20 29E-14 1.6 1 50 7.5E-13 3.93 | 5.2E-15 18.8

Table 7.1. Random matrices of degree 50, for the cases of Amax = 2,1.5, and 1.1, while the distribution
of the other eigenvalues is ReX € [0,1], and Im A € [-1,1]. m, k, and N, denote the degree of the
Arnoldi method, the maximum degree of the Chebyshev polynomials, and the number of the iterations,

respectively. CPU times (in seconds) by HP9000/720.

7.3 Parallelization of the QR algorithm

The above results on the complexity of our method indicate the necessity of more efficient compu-
tation of the Arnoldi iteration. Although the speed of convergence increases which the subspace
size m is chosen larger, the number of floating-point operations, and therefore the time required
by the algorithm, rapidly increases with the subspace dimension m. To avoid QR to become a

bottleneck, we propose here a new data mapping method and a schedule of the computation for
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problem WEST0497 | WEST0655 | WEST0989 | WEST2021
degree of matrix 497 655 989 2021
number of entries 1727 2854 3537 7353
number of multiplications | 924 440 | 275 120 | 13751 * | 767 320
number of restarts 14 10 3 2 162 * 12 7
CPU time (sec.) 0.37 0.22 | 0.17 0.12 8.71 * | 1.28 0.67

Table 7.2. Test problems from CHEMWEST, a library in the Harwell-Boeing Sparse Matrix Collection,

which was extracted from modeling of chemical engineering plants. The results by Manteuffel’s algorithm

(right) versus those by the least squares Arnoldi method (left), with size of the basis 20, degree of the

polynomial 20, and block size 1, respectively, are listed. * denotes the algorithm fails to converge.

time by Alpha Station 600 5/333.

degree of matrix 2000 4000 6000 8000 10000
number of entries 5184 8784 12384 15984 19584
number of multiplications | 589 240 | 393 180 | 236 140 | 393 380 | 236 80
number of restarts 7 4 5 3 3 2 5 7 3 1
CPU time (sec.) 0.83 043 | 124 0.70 | 1.23 085 | 2.57 281 | 2.14 0.97

CPU

Table 7.3. Test problems from TOLOSA extracted from fluid-structure coupling (flutter problem). Size of

the basis, degree of the polynomial, and block size are 20, 20, 1, respectively.

Algorithm r=1m=8 r=5m=20 Algorithm r=1m=12 r=4,m =20
EB12 * 98/20930 EB12 0.6/423 9.1/2890
ARNCHEB | 8.6/3233 71/15921 ARNCHEB | 3.4/1401 4.7/1712
EB13 17/4860 18/4149 EB13 0.4/119 1.3/305
ARPACK 3.7/401 2.1/167 ARPACK 0.5/90 1.3/151

Table 7.4. CPU times by IBM RS/6000 3BT and matrix-vector products for computing the right-most

eigenvalues of WEST2021 (left) and PORES2 of degree 1224 (right). * denotes convergence not reached

within 2000m matrix-vector products. We denote by r the block size and by m the subspace dimension.
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the parallel Hessenberg double shifted QR algorithm on distributed memory processors.

The parallelization of non-Hermitian eigenproblem is not commonly studied. A MIMD parallel
implementation of the Arnoldi method is implemented and mentioned in Petiton [50] for both
tightly coupled as well as loosely coupled memory machines with vector elementary processors and
large granularity. This study has already shown that the QR algorithm is the most significant
bottleneck on these MIMD architectures. The speed of convergence for such methods usually
increases which the subspace size m is chosen larger. The number of floating-point operations,
and therefore the time required by the algorithm, rapidly increases with subspace dimension m.
Furthermore, m must be taken as small as possible to avoid QR to become a bottleneck.

Henry and van de Geijn [27] show that under certain conditions the described approach is
asymptotically 100% efficient. It is impossible to find an implementation with better scalability
properties, since for maintaining a given level of efficiency the dimension of the matrix must grow
linearly with the number of processors. Therefore, it will be impossible to maintain the performance
as processors are added, since memory requirements grow with the square of the dimension, and
physical memory grows only with the number of processors. They also show that for the standard
implementation of the sequential QR algorithm, it is impossible to find an implementation with

better scalability properties.

Figure 7.1. The proposed data mapping method

Figure 7.1 shows the data mapping, where the number of the processors p = 6. This method is
based on the partition of the matrix into 2p x 2p blocks. The mapping is similar to the block Hankel-

wrapped storage scheme in that the matrix is partitioned into 2p strips along the subdiagonal, and
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that each processor owns two strips at an interval of p. However, the strips are shifted left by 1.5
blocks, and this shift makes the loads near the diagonal so light that the lookahead step can be
executed at the same time with the updates of the previous block transformation. We use a half
block as a unit of computation: A half block is the computation of the rotations of a half block.
We assume that each computation of the lookahead step and the column rotations of a diagonal
block, whose nonzero elements are about a half of a block, is a half block. The time taken to
execute the computation of a half block is a quarter, because each processor has four half blocks

of computations in a block transformation.

N a2
23
1]a
23] MAL G A A

14143 4:3 4:3
/ \ \HAl Y \

current pivot

next pivot

I:l row rotation
I:l column rotation

1..4 quarter of astep

Figure 7.2. Allocation of the computations

Figure 7.2 shows the schedule of the computations in the fourth block transformation. Each
processor has four half blocks of computations and the order of the computations is shown with
the number 1 to 4. The arrows depict the required communication. The long arrows from the
diagonal block stand for the broadcast of the transformations. The lookahead step is executed
by the processor 5 in the third quarter. Therefore, there is time of a quarter from the end of a
lookahead step to the beginning of the transformations that use the results of the lookahead step,
and it becomes possible to hide the latency of the broadcast of the transformations. The column
rotation of the diagonal block was done in the first quarter. The row rotations in a processor are
executed from right to left and the column rotations in a processor are executed from bottom to
top, because the results of the half blocks at the right and the bottom must be sent to the next
processors. With this ordering, at least two quarters of time are available to hide the latency of

each communication.
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We suppose here infinitely large n and p, and ignore lower order terms. In our data mapping,
two strips have been allocated to each processor cyclically. The strips can be subdivided into some
narrower strips, which will be allocated to the processors in cyclic or block mapping. Assume
that the matrix is partitioned into 2bp strips and B = n/2bp transformations are bundled. The
subdivided strips are allocated to the processors in the block-cyclic fashion, and each processor
owns 2h block-strips. Note that 1 < h < b < n/2p. In our algorithm, the following five overheads

becomes significant in larger problems:

1. Load Imbalance. The major load imbalance of the parallel double shift QR method is the

first lookahead step, which takes O(B?%) = O(n?/b%p?) time.

2. Broadcasts. Since the results of the look-ahead steps are broadcasted, the transfer time is
larger than the startup time for larger problems. Assuming the circular broadcast method,

the overhead time is O(hn).

3. Border Data Exchanges. A data exchange occurs at border when a rotation requires the data
allocated to two different processors. The total amount of the exchanged data is O(hn) for

a processor, which is the order of the total border length.

4. Loop Overhead. The core routine of the QR algorithm is a double loop and the performance
is affected by the inner loop length. This overhead is evaluated as O(hn), which is the outer

loop count.

5. Data Redistribution. Data redistribution is required before executing the Francis steps.
In the worst case, the time consumption for the data redistribution is O(n?), which is the
number of the matrix elements. Since the double shifted QR algorithm requires O(n) Francis

iterations, the overhead per Francis iteration is O(n).

From the above considerations, the overhead per Francis step of our method is O(n?/b*p®+hn),
which is minimized to O(n) by letting h = O(n) and b = O(n/p), where the subdivided strips
are allocated in a block fashion and the size of the subdivided blocks are constant. Since the
overhead is O(n) and the load per processor is O(n?/p), constant parallel efficiency is obtained
with p = O(n). Therefore, our scheme attains the best possible scalability of the double shifted
QR algorithm.
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The graph in Figure 7.3 shows the parallel performance of our program without matrix size
reduction on a Fujitsu AP1000+, a distributed memory multicomputer system with 256 Super-
Sparcl0 processors (50 MHz). The graph shows the relation between Mflops per processor and
n/p with several values for p. The peak performance of the Hessenberg double shift QR algorithm
on a single processor of AP1000+ is about 20.8 Mflops, using unrolling and tiling. Therefore, the
parallel efficiency of 50% is attained with n/p < 40, and the parallel efficiency becomes 90% with
n/p & 150. Such high parallel efficiency has rarely been observed in preceding researches on the
parallel double shifted QR algorithms (see Henry and van de Geijn [27]), or the parallel multishift
QR algorithms (see Henry, Watkins and Dongarra [28]), considering its minimum parallelizing
overhead of O(n°/*/p'/?) for n > p and O(n/p'/*) for n < p, from which we can see that our

algorithm will be faster for n > O(p?).

MFlops
20.00 =7
19.00 e
o-nn
18.00 e
=1
17.00 p=16
p=32
16.00 ei™
15.00 p=128
14.00 / p=256
1300 7
1200 -4,
11.00 ;’ /
yi
1000 7
wp

50.00 100.00 150.00 200.00

Figure 7.3. The Mflops per processor versus n/p for first iterations. The broken lines in the left figures
indicate the boundaries of the blocks, and the solid lines show the boundaries of the elements allocated to

different processors. The numbers indicate to which processor each region should be allocated.
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Chapter 8

Conclusion

In this thesis, we proposed a least squares based accelerating method for the restarted Arnoldi
iteration. In our method, an accelerating polynomial is chosen to minimize an Ly norm of the
polynomial on the boundary of the convex hull, with respect to the Chebyshev weight function.
The proof of the minimum property of the orthogonal polynomials defined on the norm was given
in Chapter 6.

We estimated the complexity of the least squares Arnoldi in Chapter 7. The complexity of the
least squares based acceleration is given by O(uk?) flops, which is less than those of the Chebyshev
acceleration, where the solutions of simultaneous nonlinear equations are required, and the Saad’s
approach, which needs O(k?®) additional cost. The validity of our method was confirmed by the
experiments using a set of standard test matrices for sparse matrix problems, such as the Harwell-
Boeing Sparse Matrix Collection, in Chapter 7 and Appendix A.

The number of floating point operations rapidly increases with the size of the subspace dimen-
sion m and it indicates that we need to take m as small as possible if we want to avoid QR to
become a bottleneck, as shown in Chapter 7. We proposed a new data mapping method with
best possible scalability for the parallelization of the double shifted QR algorithm, in which the
loads including the lookahead step are balanced, and the computations are pipelined by hiding
the communication latency. Our implementation on a Fujitsu AP1000+ attains parallel efficiency
higher than 90% without matrix size reduction, and 70-80% for the whole process including the

matrix size reduction. The integration of the these two approaches is the current problem.
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Appendix A

Numerical Results

This chapter reports the results of the numerical experiments of our method and evaluates its

performance.

A.1 Treatment of the Computational Error

The shortcoming of the method is expected to be the computational error of the eigenvalues
distributed closely. We propose several countermeasures for the difficulty. Numerical results are
reported in the subsequent chapter.
A.1.1 Computing Complex Eigenvectors
Suppose that the components of xs, - -, x, has been eliminated and we have

Ug = 11 + a1, Vg1 = Aus = 0[1)\11’1 + al)\lazl. (Al)

If we write

a1y = 21wy, A =& +im (A.2)

then
Us = 221, Vsp1 = 28121 — 21wy, (A.3)
21 +iwy = %[uS +i(&us — vsy1)/m]. (A.4)

Apart from a normalizing factor we have therefore

1 = Mmus + 1(§1Us — Vst1)- (A.5)
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A.1.2 The Re-orthogonalization

One of the main source of the computational error of the projection method is the orthogonalization

process. We consider the vector b, defined by
br+1 = ACT — hlrcl - herCQ — h'r’rcr‘ (AG)

When the components of b,.11 is very small compared with || Ac, ||2, br+1 will not be orthogonal

to the ¢;. We re-orthogonalize the computed vector b1 with respect to cq,---,c,:
by =brg1 — €10C1 — €20C2 — -+ - — EppCy, (A7)
where
Eir = clTbH_l/cchi = clTbH_l, (A.8)

for orthogonality. c¢,41 is computed by

Cr+1 = b/r+1/ H b/r+1 ||2 . (A.9)

Because b1 has already been orthogonalized once with respect to ¢;, we can be sure that € is of

the same order as in the normal cases.

A.1.3 The Multiplication

We can not always obtain the eigenvalue with the largest real part by the Arnoldi method, especially

when there are close eigenvalues. We propose an amplification process defined by

Z;r—&-l = Ancr - Z hirciv hir = (Ancr»ci)v i = 13 w1y (AlO)

=1

where
hesrr =l b || (A.11)

The eigenvalues of larger absolute values are made dominant by this method. Note that the convex

hull constructed by the nth power of the unwanted eigenvalues is different from the original one.

A.1.4 The Deformation of the Convex Hull

The complexity of the computation of the polynomial on the convex hull is proportional to the
number of the edges. We can consider the rectangular area which consists of the unwanted eigen-

values.
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— rectangular hull

-------- convex hull

) Re

Figure A.1. The concept of the rectangular hull

A.1.5 The Deflation

If the obtained eigenvalues are not the wanted one or if we want to compute another eigenvalue
with smaller absolute value, we can remove it by the orthogonalization.

We consider the case with complex eigenvalues. Suppose we have a complex pair of eigenvectors
2 and Z which correspond to eigenvalues A and A. We remove the components of 2 and # from the

approximate vector w obtained through the polynomial iteration. The new vector w’ is defined by

8

w o= w-—(wr)r— (w,T)T (A12)

= w—2(u, Rex)Rex — 2(u,iImz)iImz, (A.13)

which indicates that the vector (w,z)x + (w,Z)Z is complex in general.

A.2 Condition

We start from the decision of each element of the matrix given in the problem. In this section, the
scaled sequences of random numbers are assigned respectively to the real and the imaginary parts
of the eigenvalues except for those which are to be selected. The matrices are block diagonals with

2 x 2 or 1 x 1 diagonal blocks. Each block is of the form

a b2 (A.14)

—2b a

to prevent the matrix to be normal and has eigenvalues a 4 bi. It is transformed by an orthogonal

matrix generated from a matrix with random elements by the Schmidt’s orthogonalization method.
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Several values of mqy, the number of transformations, are tested in Table A.1 since they may
influence the condition of the transformed matrix. m and k denote the iteration number of the
Arnoldi method and the maximum degree of the Chebyshev polynomials respectively. We compare
this algorithm with the double-shifted QR algorithm and the power method. The number of the

iterations of the power method is expressed by n,,.

A.3 The Iterative Arnoldi Method

We examine two types of the Arnoldi algorithm, i.e., the ordinary one and the iterative one, in the
least squares Arnoldi method. The iterative version is proposed by Saad [53]. They are compared
with the other projection methods, such as the Arnoldi method, the power method, and the QR

algorithm. The re-orthogonalization technique is not used in this section.

A.3.1 The Ordinary Arnoldi Method

We test some values of the maximum eigenvalue Apa.x =2, 1.5, and 1.1 in order to evaluate the
effect of the close distribution of the wanted eigenvalues. The distribution of the other eigenvalues
is given by ReA € [0,1] and Im X € [-1,1].

In the least squares Arnoldi method, the Ay ax is computed by
A= Ziga ll2/1l & o, (A.15)
where
Tiv1 = AZy, (A.16)

since we suppose that the maximum eigenvalue is a positive real number. Another way of computing

the approximate eigenvalue using the right-handed eigenvector is performed by

1 @iy, %)
A= T (A17)

using the normal equation. The precision of this technique is inferior to that of the former one,
though.
The error is computed by the Lo norm. The computation time is measured by HP9000/720,

where the unit is 6—10 second.
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A.3.1.1 Casel

The maximum eigenvalue is 2. We test the influence of the number of the orthogonal transforma-
tions net here. There seems to be no effect on the error of each method. We use n,; = 3 in the
rest of the experiments.

As the degree of the matrix A increases, the least squares Arnoldi method gets a clear advantage
over the QR algorithm. The complexity of the least squares Arnoldi method can be seen to be
roughly O(n?) as our evaluation which we made in the previous chapter indicates, while that of
the QR algorithm O(n?).

The precision of the power method is far less than that of the least squares Arnoldi method.
We can show that it gets worse as the maximum eigenvalue approaches the second eigenvalue in

the following experiments.

matrix least squares Arnoldi Arnoldi power method QR
degree  not m k error time | m error time | n, error time error time
50 1 5 25 1.6E-10 18 15  2.2E-11 11 25 6.0E-12 11 1.7E-15 116
50 2 5 25 2.0E-13 17 15 4.8E-10 10 25 2.1E-10 10 8.8E-16 113
50 3 5 25 20E-13 18 15 2.2E-09 12 25 1.0E-10 11 5.1E-15 112
50 4 5 25 1.2E-12 18 15 2.6E-08 13 25 3.2E-10 11 5.3E-15 111
50 5 5 25 26E-12 17 15 1.7E-07 12 25  5.0E-09 11 2.2E-15 116
50 10 5 25 3.3E-11 19 15 4.8E-08 11 25 1.2E-08 11 8.8E-15 116
50 50 5 25 3.6E-13 18 15  2.7TE-09 13 25  7.9E-10 10 7.7TE-14 109
50 100 | 5 25 1.4E-13 21 15 1.9E-08 11 25 1.1E-09 12 7.0E-13 118
100 3 5 25 1.6E-12 57 15  7.2E-07 31 25  3.5E-08 44 3.1E-15 786
200 3 5 25 18E-11 224 | 15 26E-07 109 | 25 5.2E-09 186 | 1.1E-15 5745

Table A.1. Amax = 2, while the distribution of the other eigenvalues is Re A € [0,1], Im A € [—1,1].

A.3.1.2 Case 2

The maximum eigenvalue is 1.5. Since the condition of the Arnoldi method gets worse, the degree of
the Hessenberg matrix of the Arnoldi method m must be larger. Several patterns of the combination
of the parameters are tested. The least squares Arnoldi method gives the best results.

The relation between the error and the parameters of the least squares Arnoldi method is given

in Figure A.2. We denote the degree of the polynomial by n and the iteration number of the
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Arnoldi method by m. This graph shows that the iteration number of the Arnoldi method has
the closer correlation with the error than the degree of the least squares Arnoldi method. This is
caused by the fact that the Arnoldi method can not always obtain the eigenvalue of the largest

modulus. This problem is discussed subsequently.

error error

1e-10 A 1e-10 [

1e-20 - 1e-20

Figure A.2. The relation between the error and the parameters of the least squares Arnoldi method

matrix least squares Arnoldi Arnoldi power method QR
degree  nog m k error time | m error time | n, error time error time
50 3 5 25 9.4E-06 18 15  1.2E-05 13 25 8.1E-05 12 3.6E-15 111
100 3 5 25 25E-04 59 15  2.3E-03 32 25  1.5E-02 43 9.5E-15 830
50 3 10 25 1.0E-07 21 20 8.9E-08 21 25 8.1E-05 11 3.6E-15 113
50 3 10 30 6.2E-10 24 25 1.7E-10 33 30 1.2E-05 13 3.6E-15 124
50 3 10 40 1.2E-11 31 25 1.7E-10 30 40  2.7TE-07 17 3.6E-15 109
50 3 10 50 1.3E-14 39 30 3.4E-13 38 50 2.3E-08 22 3.6E-15 113
50 3 20 50 5.1E-11 71 30 3.4E-13 38 50 2.3E-08 21 3.6E-15 115
50 3 10 55 3.1E-15 41 30  3.4E-13 40 55  3.9E-09 23 3.6E-15 113

Table A.2. Amax = 1.5, while the distribution of the other eigenvalues is Re A € [0,1], Im A € [—1,1].

A.3.1.3 Case 3

The maximum eigenvalue is 1.1. The convergence of the projection methods is lost. The increase

of the degree of the polynomial has no effect.
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matrix least squares Arnoldi Arnoldi power method QR
degree  not m k error time | m error time Np error time error time
50 3 10 100 1.0E-03 100 | 40 1.6E-07 82 100 3.9E-02 45 5.2E-15 117
50 3 15 100 2.6E-05 102 | 40 1.6E-07 82 100 3.9E-02 44 52E-15 115
50 3 20 100 1.6E-01 179 | 40 1.6E-07 84 100  3.9E-02 45 5.2E-15 118
50 3 30 100 1.4E-01 204 | 40 1.6E-07 82 100  3.9E-02 43 5.2E-15 112
50 3 15 100 2.6E-05 105 | 40 1.6E-07 82 200 1.3E-01 93 5.2E-15 118
50 3 15 50 2.3E-03 46 40 1.6E-07 82 50 1.1E-01 24 52E-15 114

Table A.3. Amax = 1.1, while the distribution of the other eigenvalues is Re A € [0,1], Im X € [—1,1].

A.3.2 The Iterative Arnoldi Method

The iterative Arnoldi method is examined by Saad [53] and it enables us to compute the eigenvalues

of a rather ill-conditioned matrix with limited memory space. We adopt this method instead of

the ordinary Arnoldi method in the least squares Arnoldi method. The Arnoldi method performed

for reference is also made iterative.

In this section we test the five variations of the distribution of the eigenvalues. The cases of

Amax = 2,1.5, and 1.1 while the distribution of the other eigenvalues is Re A € [0,1], and Im A €

[-1,1], and Apax = 3 and 2.5 while the distribution of the others is Re A € [0,2], Im A € [-1,1].

The power method is omitted since its inferiority is clear.

We denote the number of the iterations by njter.

A.3.2.1

Case 1

Amax 18 2, while the distribution of the other eigenvalues is ReA € [0,1], Im A € [-1,1]. The

effect of the iteration is significant, especially for the least squares Arnoldi method. This tendency

becomes sharper as the maximum eigenvalue gets closer to the second eigenvalue.

matrix least squares Arnoldi Arnoldi QR
degree  not Niter M k error time | Miter m error time error time
50 3 1 5 15 1.1E-10 11 1 15 2.3E-09 18 5.1E-15 112
50 3 2 5 15 3.6E-15 23 2 15 8.9E-16 34 5.1E-15 112

Table A.4. Amax = 2, while the distribution of the other eigenvalues is Re A € [0,1], Im A € [—1,1].
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A.3.2.2 Case 2

The maximum eigenvalue is 1.5, while the distribution of the other eigenvalues is Re\ €
[0,1], Im A € [—1,1]. Some variations of the combination of the parameters ni, and k are ex-
amined. The best combination of the parameters is not trivial and the consideration on this

problem is given in the last section.

matrix least squares Arnoldi Arnoldi QR
degree  noy Niter M k error time | Miter m error time error time
50 3 1 5 15 5.0E-05 15 1 15 1.2E-05 17 3.6E-15 111
50 3 2 5 15 1.1E-08 25 2 15  5.3E-11 33 3.6E-15 111
50 3 3 5 15 1.9E-11 32 3 15 3.7E-15 49 3.6E-15 111
50 3 4 5 15 5.6E-14 42 4 15 3.3E-15 63 3.6E-15 112
50 3 5 5 15 34E-15 54 5 15  2.8E-15 79 3.6E-15 108
50 3 3 5 20 3.0E-15 42 3 15  3.7E-15 47 3.6E-15 110
50 3 3 5 19 8.9E-16 38 3 15 3.7TE-15 49 3.6E-15 111
50 3 3 5 18 4.5E-13 38 3 15 3.7E-15 46 3.6E-15 111
50 3 1 5 60 1.3E-14 47 3 15  3.7E-15 47 3.6E-15 111

Table A.5. Amax = 1.5, while the distribution of the other eigenvalues is Re A € [0,1], Im X € [—1,1].

A.3.2.3 Case 3

The maximum eigenvalue is 1.1, while the distribution of the other eigenvalues is: Re\ €
[0,1], Im A € [-1,1]. In this test we examine the relation between the parameter nit, and the
iteration number of the Arnoldi method m. The table shows that it is more effective to decrease

the iteration number of the Arnoldi method than to decrease the number of the Arnoldi iteration.

A.3.2.4 Case 4 and case 5

The maximum eigenvalues are 3 and 2.5, respectively, while the distribution of the other eigenvalues
is ReA € [0,2], ImA € [—1,1]. They are similar experiments as the former ones except for the
distribution of the smaller eigenvalues. It can be seen that it is not always effective to compute

the polynomial of a higher degree.
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matrix least squares Arnoldi Arnoldi QR
degree  no Niter m k error time | Miter m error time error time
50 3 1 50 10 3.2E-15 240 1 50 7.5E-13 235 | 5.2E-15 113
50 3 1 45 20 6.9E-15 206 1 45 4.1E-10 191 | 5.2E-15 115
50 3 2 30 20 3.2E-15 161 2 50  7.7E400* 531 | 5.2E-15 113
50 3 3 20 15 6.3E-12 111 1 50 7.5E-13 234 | 5.2E-15 115
50 3 4 15 20 3.5E-13 112 1 50 7.5E-13 235 | 5.2E-15 114
50 3 5 10 20 29E-14 96 1 50 7.5E-13 236 | 5.2E-15 112
50 3 6 10 20 6.1E-13 116 1 50 7.5E-13 237 | 5.2E-15 113
50 3 6 10 25 3.2E-15 147 1 50 7.5E-13 235 | 5.2E-15 112

Table A.6. Amax = 1.1, while the distribution of the other eigenvalues is Re A € [0,1], Im A € [—1,1].
“)The Arnoldi iteration fails to converge in some cases, where the wanted eigenvalues are not included in

the Ritz values.

matrix least squares Arnoldi Arnoldi QR
degree  not Niter M k error time | Miter m error time error time
50 3 1 5 10 3.9E-08 8 1 10 1.5E-05 7 2.7TE-15 107
50 3 2 5 10 1.3E-11 15 2 10 6.9E-11 14 2.7E-15 110
50 3 3 5 10 34E-15 25 3 10 3.1E-15 22 2.7E-15 112
50 3 1 5 25 44E-14 20 3 10 3.1E-15 23 2.7TE-15 109

Table A.7. Amax = 3, while the distribution of the other eigenvalues is Re X € [0,2], Im X € [-1,1].

matrix least squares Arnoldi Arnoldi QR
degree  not Niter m k error time | Nitor m error time error time
50 3 1 5 10  2.2E-06 8 1 10 1.5E-03 8 6.6E-15 107
50 3 2 5 10 1.9E-06 16 2 10 1.2E-06 15 6.6E-15 113
50 3 2 10 10 1.0E-12 26 4 10 1.7E-12 29 6.6E-15 110
50 3 2 10 13 2.4E-14 29 4 10 1.7E-12 29 6.6E-15 107
50 3 2 10 15 6.9E-15 33 4 10 1.7E-12 30 6.6E-15 107

Table A.8. Amax = 2.5, while the distribution of the other eigenvalues is Re A € [0,2], Im X € [—1,1].
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A.4 The Computational Error of Close Eigenvalues

In this section we take up the problem of the close eigenvalues. As we have seen in the previous
experiments, the performance of the least squares Arnoldi method deteriorates when the maximum
eigenvalue is close to the second eigenvalue. We examine the techniques proposed in the previous

chapter by the following experiments.

A.4.1 The Re-orthogonalization

We begin with the results of the effect of the re-orthogonalization. The process can be written as

b7‘+1 = Ac, — hyper — hareg — -+ — h’r'rcra (A18)
byi1 = bry1 — €1,¢1 — €270y — -+ = EppCy, (A.19)
erp1 =blq/ Vg N2y €ir = ¢l b /et ¢ = ¢ by (A.20)

We examine the case where the maximum eigenvalue is 2.1, while the distribution of the other
eigenvalues is Re A € [0,2], Im A € [—1,1]. It can be seen that the effect of the re-orthogonalization
in the least squares Arnoldi method is more remarkable than that in the Arnoldi method. Note
that the iteration number of the Arnoldi method has a strong influence on the total complexity of

the least squares Arnoldi method. The re-orthogonalization is used in the subsequent experiments.

matrix least squares Arnoldi Arnoldi QR

degree Nitor m k error time | Niter m error time error time
50 1 10 15 5.4E-03 17 1 10 5.5E-02 11 7.4E-15 105
50 2 10 15 1.3E-03 36 2 10 1.1E+00 16 7.4E-15 107
50 1 20 15 2.7E-03 43 1 20 1.8E-03 33 7.4E-15 110
50 2 20 15 1.9E-08 83 2 20 3.4E-05 71 7.4E-15 110
50 3 20 15  2.2E-10 131 3 20 4.3E-05 98 7.4E-15 107
50 4 20 15 3.8E-15 168 4 20  4.3E-05 130 | 7.4E-15 105

Table A.9. Amax = 2.1, while the distribution of the other eigenvalues is Re A € [0,2], Im X € [-1,1].
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A.4.2 The Multiplication

The validity of the multiplication of the Arnoldi process is also tested. The algorithm is as follows:

br+1 - Ancr - Z hircia (A21)

i=1
hiT = (Ancraci)7 Z = la '”’T’ hT‘-‘rl,T :H b7"+1 H? (A22)
Cr41 = br+1/hr+1,r~ (A23)

The process of the multiplication of the matrix A can be considered as the rotation on the
origin in the complex plane as illustrated in Figure A.3. The separation of the second eigenvalue
is lost when the argument of the rotated eigenvalue is close to 2wn where n is an arbitrary integer,
considering the fact that the eigenvalue A = ae’ corresponds to the eigenvalue a™e™? of the matrix
A™.

We denote the number of multiplications by ny,.

Figure A.3. The concept of the multiplication

The numerical results shown in Table A.10 support this consideration. The matrix solved in

this experiment is of degree 50 and has the following distribution of the eigenvalues:

Amax = 2.01,  Apcighbor = 2.0 = 2.0i. (A.24)
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As for the others,

ReA €10,2.0], ImAe[-1.0,1.0]. (A.25)
2.
Amax = 2.01,  Apeighbor = 2.0 £ 0.24, (A.26)
and as for the others,
ReA €10,2.0], ImAe[-1.0,1.0]. (A.27)

The argument of the Aneighbor 18 =5 where Apeighbor = 2.0 & 2.0i. The precision of Apax deterio-
rates as the number of multiplications gets closer to 8. Although it is not realistic that we can
predicate the distribution of the eigenvalues, this technique is effective when the real parts of all
the eigenvalues are positive and the number of multiplications is less than three. The case where
Amax = 2+ 1077 and Aneighbor = 2.0 £0.27 indicates that the multiplication technique can separate

the considerably close eigenvalues.

A.4.3 The Validity of Rectangular Hull in the Least Squares Arnoldi Method

This subsection discusses the validity of the rectangular hull as shown in Figure A.5. The algorithm

to compute the rectangular hull is described as follows:

Algorithm A.4.1 (Least Squares Arnoldi with Rectangular Hull)

1. Find A;, As and )\;, i.e., the eigenvalues with the largest real part, the smallest real
part, and the largest imaginary part, respectively, in the eigenvalue estimates obtained
by the Arnoldi process

2. Define the vertices that construct the hull from (ReX;, ImA;), (Res, Im\;),

(Re)Xs, —Im \;), and (Re A\, —Im ;)

The method has an advantage over the former one in that it enables us to deal with only
four edges which construct the hull to compute the polynomial. It is also important from the
viewpoint of the computational error. We examine this method using the matrix of degree 50. The

distribution of the eigenvalues is

Ancighbor = 2.0 = 1.0 (A.28)
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conditions least squares Arnoldi

Amax Aneighbor
Niger M kK nm error time
2.01 2.0 + 2.0¢ 3 15 30 1 8.5E-01 125
2.01 2.0 £ 2.0¢ 3 15 30 2 3.0E-04 140
2.01 2.0 £ 2.0¢ 3 15 30 3 2.6E-02 148
2.01 2.0 £ 2.0¢ 3 15 30 4 1.7E-08 182
2.01 2.0 + 2.0¢ 3 15 30 5 1.0E-11 174
2.01 2.0 £ 2.0¢ 3 15 30 6 1.8E-14 194
2.01 2.0 + 2.0¢ 3 15 30 7 1.3E4-00 202
2.01 2.0 £ 2.0¢ 3 15 30 8 1.2E4-00 224
2.01 2.0 £ 0.2¢ 3 15 30 1 1.3E-01 123
2.01 2.0 £0.2¢ 3 15 30 2 3.6E-01 142
2.01 2.0 £0.2¢ 3 15 30 3 4.6E-01 162
2.01 2.0 £0.2¢ 3 15 30 4 3.1E-05 170
2.01 2.0 £ 0.2¢ 3 15 30 5 4.0E-10 187
2.01 2.0 £0.2¢ 3 15 30 6 4.3E-14 197
2.01 2.0 + 0.2¢ 3 15 30 7 2.0E-15 233
2.0000001 2.0 £ 0.2¢ 3 15 30 8 2.0E-15 213

Table A.10. The degree of matrix is 50, while the distribution of the other eigenvalues is Re A €

0,2.0], Im A € [-1.0,1.0].

— rectangular hull

------- convex hull

o Re

Figure A.4. The concept of the rectangular hull

77



and as for the others,

ReA €10,2.0], ImAe[-1.0,1.0]. (A.29)

The following table shows that the effect of this method on the total complexity is not so
remarkable, since the complexity of this process is not so large in comparison with that of the

Arnoldi method to compute the eigenvalue estimates.

conditions convex hull rectangular hull
Amax

Niter m k error time error time

3.0 2 5 10 | 6.1E-13 19 2.5E-11 17
2.5 2 10 15 | 2.6E-11 34 2.8E-13 34
2.1 4 15 25 | 1.1E-10 141 1.5E-15 130
2.01 4 20 25 | 1.8E-01 197 4.8E-12 178
2.05 4 20 25 | 2.7TE-09 198 1.5E-15 183
2.001 2 35 10 | 1.7E-13 230 2.0E-12 245
2.0001 2 40 5 | 3.3E-13 321 | 5.3E-13 318

Table A.11. The degree of matrix is 50, Ajeighbor is 2.0 & 1.0¢ and the distribution of the others is Re \ €

[0,2.0], Im X € [~1.0,1.0].

rectangular hull — ) rectangular hull —
convex hull --- convex hull --—-

Figure A.5. The values of |pn(2)| on the complex plane where Amax = 2.01 and Amax = 2.001, using the

convex and the rectangular hull
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A.5 Consideration

A.5.1 Recapitulation

We tested the validity of the iterative least squares Arnoldi method with the various combinations
of the parameters, and several techniques to extract the wanted eigenvalues from the cluster of the
eigenvalues.

The re-orthogonalization is generally valid to keep the orthogonality of the eigenvectors. The
side effect of the rectangular hull is the enlargement of the enclosed area, which is not essential in
this method since the rightmost point of the hull is invariable.

k is the most effective parameter to improve the precision with small complexity. It requires
much memory storage for the coefficients of the Chebyshev polynomials, though. This problem is
solved by the iteration of the Arnoldi method.

The increase of m is not so effective compared with the other parameters, considering its
complexity of roughly O(m?). Hence the iteration number of the Arnoldi method should be as
small as possible, while the degree of the polynomial is to be made large. The extraction of the
wanted eigenvalues is not guaranteed, though, if the iteration number of the Arnoldi method is
too small. This difficulty may be surmounted by the deflation technique, which is not examined

in this paper yet.

A.5.2 The Close Eigenvalues

The Arnoldi method computes the eigenvalues with the largest moduli. If the superfluous eigenval-
ues have large imaginary parts, we will not be able to obtain the appropriate eigenvalue estimates.

We argue here the several measures proposed for the power method.

1. Suppose |A1] = |A2| > |A3|. After sufficient iterations, we have the approximation
T =~ )\’f(clvl + CQ(/\Q/)\l)k’UQ. (A-?)O)

It can be extended as

T = divi + dave (A31)
Tiptr1 = di v+ daoAavg (A.32)
Tt = d1)\%’v1 + dz)\gﬂg, (A.33)
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and we have the following relation
Tkao + Brpy1 + vz = 0. (A.34)
The eigenvalues are computed from
M4+ BA+v=0. (A.35)

The coefficients # and ~ is the solutions of the normal equation

(Trt1, Trr1)  (Trar, o) B @renoera) | (A.36)
(@K, 2h41) (ke Tk) gl (Ths Thot2)
2. When the other case where |A1| > |A2|, we finally have the relation
Thil = QT (A.37)
and « is computed similarly by
_ ko), (A.38)
(T, T)

Although the case with the eigenvalues with larger moduli is not covered, these techniques are

also valid for the Arnoldi method, which is a variation of the power method.

A.6 Comparison with Other Methods

Some test problems from the Harwell-Boeing sparse matrix collection (see Duff, Grimes and Lewis
[14]), the computed spectra of which are shown in Figure A.6 and Figure A.7, are solved using the
block Arnoldi method. Ho’s algorithm is used for reference.

The stopping criterion is based on the maximum of all computed residuals maxj<;<, || Az; —
Xiwi |2 /|| 2 ||o= maxi<i<y || Hm+1,mYmori ll2 /| Yii |2< €. Yo s and Yy, ; stand for the i-th
column of the Y;, , and Y,,, described in Chapter 4.

Table A.12 and Table A.13 indicate that Ho’s algorithm shows better performance than the
least squares Arnoldi method in most conditions except for the cases where the moduli of the
wanted eigenvalues are much larger than those of the unwanted eigenvalues. We may derive from
the result the poor optimality of the convex hull despite its low computation cost.

Lehoueq and Scott [35] presented a software survey of large-scale eigenvalue methods and

comparative results. The Arnoldi-based software included the following three packages ARNCHEB
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package by Braconnier [9], the ARPACK software package by Lehoucq and Sorensen [36], and the
Harwell Subroutine Library code EB13 by Scott [63] and Sadkane [60].

The ARNCHEB package provides the subroutine ARNOL, which implements an explicitly
restarted Arnoldi iteration. The code is based on the deflated polynomial accelerated Arnoldi it-
eration and uses Chebyshev polynomial acceleration. The Harwell Subroutine Library code EB13
implements the similar algorithm and also uses Ho’s Chebyshev polynomial acceleration. The
ARPACK provides subroutine DNAUPD that implements the implicitly restarted Arnoldi itera-
tion.

Some findings are reported on these methods:

1. ARNCHEB gives reasonable results for computing a single eigensolution but it can struggle
on problems for which several eigenvalues are requested.

2. ARPACK displays monotonic consistency and is generally the fastest and most dependable of
the codes studied, especially for small convergence tolerances and large departures from normality.
It uses dramatically fewer matrix-vector product than ARNCHEB. However, its restarting strategy
can be more expensive.

Moreover, from the results of Table A.14 and Table A.15, we can derive the strong dependency
of the polynomial acceleration on the distribution of spectrum. Figure A.6 and A.7 indicate that
the non-clustered distribution of spectra causes the slow convergence, since the approximate spectra

may completely differ from the accurate ones.
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problem WEST0497 | WEST0655 | WEST0989 | WEST2021

degree of matrix 497 655 989 2021
number of entries 1727 2854 3537 7353

number of multiplications 924 440 275 120 | 13751 * 767 320
number of restarts 14 10 3 2 162 * 12 7

CPU time (sec.) 0.37 0.22 | 0.17 0.12 8.71 * 1128 0.67

Table A.12. Test problems from CHEMWEST, a library in the Harwell-Boeing Sparse Matrix Collection,
which was extracted from modeling of chemical engineering plants. The results by Manteuffel’s algorithm
(right) versus those by the least squares Arnoldi method (left), with size of the basis 20, degree of the

polynomial 20, and block size 1, respectively, are listed. * denotes the algorithm fails to converge.

degree of matrix 2000 4000 6000 8000 10000

number of entries 5184 8784 12384 15984 19584

number of multiplications 589 240 393 180 236 140 393 380 236 80
number of restarts 7 4 5 3 3 2 5 7 3 1
CPU time (sec.) 0.83 0.43 | 1.24 0.70 | 1.23 0.85 | 2,57 2.81 | 2.14 0.97

Table A.13. Test problems from TOLOSA extracted from fluid-structure coupling (flutter problem). Size

of the basis, degree of the polynomial, and block size are 20, 20, 1, respectively.

Algorithm r=1lm=8| r=5m=20
EB12 * 98/20930
ARNCHEB 8.6/3233 71/15921
EB13 17/4860 18/4149
ARPACK 3.7/401 2.1/167

Table A.14. Evaluation by Lehoucq and Scott. CPU times (in seconds) by IBM RS/6000 3BT and matrix-
vector products for computing the right-most eigenvalues of WEST2021 from CHEMWEST (* denotes
convergence not reached within 2000m matrix-vector products). We denote by r the block size and by m

the subspace dimension.
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Table A.15. CPU times (in seconds) and matrix-vector products for computing the right-most eigenvalues

Algorithm r=1m=12 | r=4,m =20
EB12 0.6/423 9.1/2890
ARNCHEB 3.4/1401 4.7/1712
EB13 0.4/119 1.3/305
ARPACK 0.5/90 1.3/151

of PORES2, matrix of degree 1224 with 9613 entries, which was extracted from reservoir simulation.

80

60

40

-40

-60

-80

400

200

-200

-400

T
‘west0655" o

S
° o
o © o
° Oo Qog ° o
< °
A
o H
195525 SN
o o o
o o
o
S
. .
20 0 20

40

T 10
‘west2021" o

0 200

400

T
"west0989" o

-300 -200 -100

100

Figure A.6. Computed spectra of WEST0655 and WEST0989 from CHEMWEST.

200

300

“pores_2" ¢

-500 -400 -300

-200
Re

Figure A.7. Computed spectra of WEST2021 and PORES2

83

-100

100



Appendix B

Orthonormalization Techniques

This appendix introduces the algorithms for orthonormalizing a given subspace. A set of vectors

G ={x1,x9,...,x,} is called orthogonal if
(Jii,.ﬁj) :0, lfl#j (Bl)

holds and orthonormal if every vector of G has a 2-norm equal to unity. A vector which is orthogonal
to all the vectors in a subspace S is said to be orthogonal to this subspace and the set of these
vectors, which is denoted by S+, is called the orthogonal complement of S. The projector which
maps a vector x into its component in the subspace S is called the orthogonal projector onto S.
The orthonormalization of any subspace can be achieved by the method known as the Gram-

Schmidt’s orthogonalization, which can be described as follows:

Algorithm B.0.1 (Gram-Schmidt)

1. Compute 711 =|| @1 ||2- If 711 = 0 then stop
2. Compute ¢1 = x1/r11

3. For j=2,...,r, do

4. Compute r;; = (x5, ¢;)

5. Fori=1,...,7—1,do

6. G=;— Y17 ) rija;

7. ri5 =I1q 2

8. If r;; # 0 then ¢; = §/r;;
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The relation
J
Tj = Z?‘ijqi (B2>
i=1

is called the QR decomposition of the n x r matrix X = [z1, Za, ..., Zy].

The above method can be modified for better numerical properties,

Algorithm B.0.2 (Modified Gram-Schmidt)

1. Compute 711 =|| #1 ||2- If r11 = 0 then stop

2. Compute ¢; = x1/r11

3. For j=2,...,r, do

4. q=x;

5. Fori=1,..,j—1,do

6. rij = (4, a)

7. q4=4q—riq

8. rij =N qll2

9. If rj; # 0 then g; = §/r;;

Another alternative is the Householder algorithm, which uses the Householder reflectors
P=1TI-2ww’, (B.3)

where w is a vector of 2-norm unity and the vector Pz represents a mirror image of x with respect
to the hyperplane span {w}*. For any vector x, the vector w for the Householder transformation

(B.3) is selected in such a way that
Px = aey, (B.4)
where « is a scalar. This yields
2wlzw =z — e, (B.5)
which shows that w is a multiple of the vector x — aeq, i.e.,
T — ey

=4t B.6
U e (B.6)
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Therefore, we have the condition
2(x —ae))lz =|| x — aey |9, (B.7)

which gives & = + || = [|2. Given a n x m matrix X, its first column can be transformed to a

multiple of the column e; by premultiplying it by a Householder matrix Pj, that is,
X, =P X, where Xie; = ae;. (B.8)

Assume here that the matrix X has been transformed in k — 1 successive steps into
X = Pr_q--- P Xy, (B.9)

which is upper triangular up to column number k—1. To advance by one step, the next Householder

reflector matrix must be

z

P, =1 - 2wwi, wp= ——, (B.10)
12 [l2
where the components of the vector z are given by
0 for i<k
z= 4 sign(z) x (X0 k2) 2 42 for i=k - (B.11)
Tik for i>k

Algorithm B.0.3 (Householder Orthogonalization)

1. Define X = [21, ..., Zp]
2. For k=1,...,m, do

3. If £ > 1 then compute rp = Py_1Pr_o--- Pixy
4. Compute wy,

5. Compute 1, = Pyry with P, =1 — kawkT

6. Compute g, = Py Ps - - - Prey,
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