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Abstract

This study proposes a method for the acceleration of the projection method to compute a few eigenvalues with
the largest real parts of a large nonsymmetric matric.

In the field of the solution of the linear system, an acceleration using the least squares polynomial which
minimizes its norm on the boundary of the convexr hull formed with the unwanted eigenvalues are proposed. We
simplify this method for the eigenvalue problem using the similar property of the orthogonal polynomial. This
study applies the Tchebychev polynomial to the iterative Arnoldi method and proves that it computes necessary
etgenvalues with far less complexity than the QR method. Its high accuracy enables us to compute the close
etgenvalues that can not be obtained by the simple Arnoldi method.

1 Introduction

In the fluid dynamics and the structural analysis, there are a number of cases where a few eigenvalues with
the largest real parts of a nonsymmetric matrix are required. In economic modeling, the stability of a model is
interpreted in terms of the dominant eigenvalues of a large nonsymmetric matrix [1, 7].

Several methods have been proposed for this problem. The method proposed by Arnoldi in 1951 and the
subspace iteration method due to Rutishauser , which are variants of the projection method, have been the most
effective for this purpose. The Arnoldi method, however, has a drawback of the expense of too much memory
space. This problem can be solved by using the method iteratively [6]. Although the iterative Arnoldi method
is quite effective and may excel the subspace iteration method in performance, the dimension of the subspace is
inevitably large, in particular when the wanted eigenvalues are clustered. Moreover it favors the convergence on
the envelope of the spectrum.

To overcome this difficulty Saad proposed a Tchebychev acceleration technique for the Arnoldi method [7],
which is an expansion of the similar technique for symmetric matrices. In the nonsymmetric case, we have to
consider the distribution of the eigenvalues in the complex plane. The normalized Tchebychev function P, ()\) =
Tn(d_k)/Tn(%) has the property

c

lim P,()) =

n—oo

0 X is inside of F(d,c)
00 ) is outside of F(d,c)

where d and d £ ¢ are the center and the focal points of the ellipse ﬁ’(d, ¢), which passes through the origin.
Considering the optimal ellipse which encloses the unnecessary eigenvalues obtained adaptively by the previous
step of the Arnoldi method and applying this polynomial to the matrix of the problem, we can make the new



matrix whose necessary eigenvalues are made dominant [5]. We continue the subsequent Arnoldi iterations with
the new matrix. This algorithm was refined and expanded by Ho [4] to the case where the reference eigenvalues
do not have the largest or the smallest real parts. However, the adaptive methods based on the optimal ellipse
have a defect of making the excessively large ellipse compared with the distribution of the unwanted eigenvalues.

In this paper, we use the convex hull proposed for the solution of the nonsymmetric linear system [8] instead
of Manteuffel’s optimal ellipse. The least squares polynomials minimize the Ly norm defined on the boundary of
the convex hull which encloses the unnecessary eigenvalues. From the maximum modulus principle, the absolute
value of the polynomial is guaranteed to take on a maximum on the boundary of the convex hull. The polynomials
can be generated without any numerical integration, using the orthogonality of the Tchebychev functions. In the
eigenvalue problem, we can directly use the ortho-normal polynomial generated by the Tchebychev functions as
the mini-max polynomial, since we have no need to normalize the polynomial at the origin.

The numerical experiments show that the method is effective for this purpose. The iteration of the Arnoldi
method proposed by Saad is used in our algorithm and contributes to the economization of the memory space,
which is consumed mainly by the coefficients of the polynomials.

2 Background

This section gives an outline of the methods referred to in this paper. The Arnoldi method, which is a variant
of the projection method, plays the main role in our problem. The principle of the acceleration technique using
the optimal ellipse [5] is explained briefly, since the properties used in this method are also important in our
algorithm. We then describe the Tchebychev-Arnoldi method using the optimal ellipse and the least-squares
based method, which were developed for solving the linear system by Saad [7, 8].

2.1 The Arnoldi method

If u # 0, let K; = lin(u, Au, ---, A" 'u) be the Krylov subspace generated by u. Arnoldi’s method computes
an orthogonal basis {v;}} of K; in which the map is represented by an upper Hessenberg matrix i.e., an upper
triangular matrix with sub-diagonal elements:

1. v = u/ || U ||2, hl,l = (A’Z)],’Ul);
2. forj=1,---,1—1, put

i
i1 = Avy =Y hijvi, hyer =l 2l
i=1

vigr =hi i, hijen = (Avjp,e),  (E< 5+ 1).

The algorithm terminates when x; = 0, which is impossible if the minimal polynomial of A with respect to u is
of degree > [. If this condition is satisfied, H; = (h;;) is an irreducible Hessenberg matrix.

In the iterative variant [7], we start with an initial vector u and fix a moderate value m, then compute the
eigenvectors of H,,. We begin again, using as a starting vector a linear combination of the eigenvectors. No proof
exists for the convergence of this method.

2.2 The adaptive Tchebychev-Arnoldi method

The original idea of using the Tchebychev polynomial for filtering the desired eigenvalues was proposed by
Manteuffel in 1977 [5]. It was applied to the solution of nonsymmetric linear systems.

If zy is the initial guess at the solution x, an iteration is defined with the general step z,, = x,_1 + Z?:_ll YniTi
where the v,;’s are constants and r; = b — Az; is the residual at step ¢. Let e; = x — x; be the error at the ¢th
step then an inductive argument yields e, = [I — As,(A)]es = P,(A)eq where s,(z) and P,(z) are polynomials
of degree n such that P,(0) = 1. To make || e, ||<|| P.(4) ||| €o || small, the Tchebychev polynomial is used as
the sequence of polynomials.



The Tchebychev polynomials are given by T},(z) = cosh(n cosh™(2)). Let F(d, c) be the member of the family
of ellipses in the complex plane centered at d with the focal points at d + ¢ and d — ¢, where d and ¢ are complex
numbers. Suppose z; € F;(0,1), z; € F;(0,1); then

Re (cosh™(2;)) < Re (cosh™(2;)) © Fi(0,1) C F;(0,1),

Re (cosh™(2;)) = Re (cosh ™ (2;)) & F;(0,1) = F;(0,1).
Consider the scaled and translated Tchebychev polynomials P,(\) = T,,(%=2)/T,(2). Using the definition of

the cosh, we can see that

ncosh™1 (<2 —ncosh™1(4=2
P.()\) = ¢ ( ¢ )_ ncosh_l(u)—ncosh_l(i)
w(A) = “1i/d “1i/d =e ¢ ¢
encosh (%) + e—ncosh (%)

for large n.
Let 7(A) = limy,— 00 |Pn(/\)717|, then we have r(A) = %€ (cosh™} (452 ) —cosh
definition of r(A), we have that if \; € Fi(d, c),\; € Fj(d,c), then

(%)), From the above lemma and the

r(Ai) <r(A;) & Fi(d,c) C Fi(d,c), r(\)=r(\;) & Fi(d,c)=F;(d,c), r(A)=1& )€ F(d, c),

where F‘(d, ¢) is the member of the family passing through the origin. Thus we have

lim P,()) =

n—oo

0 X is inside of F(d,c)
00 X is outside of F(d, c)

Suppose that we can find the optimal ellipse that contains all the eigenvalues of A except for the » wanted
ones [5]. Then the algorithm runs a certain number of steps of the Tchebychev iteration and take the resulting
vector z, as the initial vector in the Arnoldi process. From the Arnoldi purification process one obtains a set of
m eigenvalues, r of which are the approximation to the r wanted ones, while the remaining ones will be used for
adaptively constructing the best ellipse.

e Start: Choose an initial vector v1, a number of Arnoldi steps m and a number of Tchebychev steps n.
o [terate:

1. Perform the m steps of the Arnoldi algorithm starting with v;. Compute the m eigenvalues of the
resultlng Hessenberg matrix. Select the r eigenvalues of the largest real parts M, -+, A and take
={Xr41, -, Am}. If satisfied stop, otherwise continue.

2. Using R, obtain the new estimates of the parameters d and ¢ of the best ellipse. Then compute the
initial vector zg for the Tchebychev iteration as a linear combination of the approximate eigenvectors
Uy, t=1,--,1

3. Perform n steps of the Tchebychev iteration to obtain z,. Take v; = 2,/ || z» || and back to 1.
2.3 The least-squares based method

It has been shown that the least-squares based method for solving linear systems is competitive with the ellipse
based methods and are more reliable [§].

By the maximum principle, the maximum modulus of |1 — As,,())] is found on the boundary of some region H
of the complex plane that includes the spectrum of A and it is sufficient to regard the problem as being defined
on the boundary. We use the least squares residual polynomial minimizing the Lo norm || 1 — As,(A) ||, with
respect to some weight w(A) on the boundary of H [8]. Suppose that the p+1 points kg, hq, - -, h, constitute the
vertices of H. On each edge E,, v = 1,---,u, of the convex hull, we choose a weight function w,(\). Denoting
by ¢, the center of the vth edge and by d, the half width, i.e., ¢, = (h, + hy—1)/2,d, = (h, — hy,—1)/2, the
weight function on each edge is defined by w,(\) = 2|d2 — (A — ¢,)?|=2 /7. The inner product on the space



of complex polynomials is defined by (p,q) = >°0_, fEV p(/\)mwl,()\)|d/\|. An algorithm using explicitly the
modified moments (¢;(A),t;(A)), where {¢;} is some suitable basis of polynomials, is developed for the problem
of computing the least squares polynomials in the complex plane.

We express the polynomial ¢;(A) in terms of the Tchebychev polynomials t;(\) = f o "yfl; T;(&) where £ =

(A—c¢,)/d, is real. The expansion coefficients "yf’yj) can be computed easily from the three term recurrence of
the polynomials Byi1try1(A) = (A — ag)tp(A) — Sptr—1(A). The problem mingep, , || 1 — Asp(A) || is to find n

= (oM, 1)’ of s,(\) = 2?2_01 n;t;(A) so that J(n) =|| 1 — As,(A) || is minimum.
2.4 Approach

In the previous section we described the outline of the least-squares based method on any arbitrary area. It
has a difficulty on the application to other purposes due to the constraint P,(0) = 1.

We use the fact that the eigenvalue problem does not require any such condition to the polynomial and propose
a new simple algorithm to get the mini-max polynomial to accelerate the convergence of the projection method.
The minimum property of the Tchebychev functions described below is important to prove the optimality of this
polynomial.

Let a non-negative weight function w(\) be given in the interval a > A > b. The orthogonal polynomials
po(A),p1(N), - -+, when multiplied by suitable factors C, possess a minimum property:

the integral [(A" 4+ a,—1 A"t + -4 ag)?w(A)d takes on its least value when the polynomial in the integrand
is Cpn(A). The polynomial in the integrand may be written as a linear combination of the p;()), in the form

(Cpn(A) + cp_1pn—1(A) + -+ co). Since the functions p,(A)y/w(A) are orthogonal, and in fact, orthogonal if
n—1 2

v—o Co, which assumes its minimum at

the p;(A\) are appropriately defined, the integral is equal to C? +
Cop =C = -- —Cn_l—O.

Using the above property, we describe the new method to generate the coefficients of the ortho-normal poly-
nomials in terms of the Tchebychev weight below.

We use the three term recurrence B,11Pnt1(A) = (A — an)pn(A) — Bapn_1()), where pz()\) satisfies the ortho-

normality. Because of the condition of the use of the Tchebychev polynomial Pn(A) =30, ’yZ o oy [(A=c,)/d,], the

constraints (po, po) =2y h_ |’Yo |2 =1, (p1,p) = 5:1[2|'Y(()t/1)|2+|’7 I’ =1, and (po,p1) =230, 'Yoyo'h 1) =

0 must hold.
Moreover each expansion of p;(\) at any edge must be consistent. The condition 2 %_, |'y v) 0] = 1 derives

|70 | =1/2u, v=1,--- u, and we can choose 1/\/ 1 as Yo, 0) The consistency of p1(\) = 7(()'/1) +’y('/)( —c,)/d, =

711/d ))“"’701 _'71 1Cv/d derlveswll/d =M, 1)/du7 ’701) 'Yl 1Cv/d _701)_711 ey fdy (v #v'). It can

(v) (v")

be rewritten as v, 1) =d,t, 70 1 —at=%,1 — c,,/t where t is a real number.

Using the condition (po,p1) = Y .0_, "yé”o)'yéyl =y "Yo i /\/ =0, thesum ) "'_ 1(70 { —cl,t) ==>" et=

u(fy(():/ll) - cl,«t) 1<V < ,u) derives the relation 'Y(()1) = ¢t — (25, 1 ¢ )t/p. Putting it into the equation

(p1,p1) = 1[2|’y0 |2 + |’y1 | ] =1, wehave 230 |e, — (X0 _ o)/t + Y 0_ |dy|?t? = 1. It derives
t=1/VS Where S =50 _12lee — (XM _ c)/ul* + |dy|?]. From the above constraints, we can determine the
values of all the coefficients of the polynomial using the values of d,, ¢, ,and p.

3 Algorithm

We describe the details of our algorithm below. Following the definition of some notations, a mini-max
polynomial, which is derived from the definition of the new norm on the boundary, is combined with the Arnoldi
method as an accelerator. We also mention the block version of the Arnoldi method [9] in order to increase
parallelism and to detect the multiplicity of the computed eigenvalues.



3.1 The definition of the Ls norm

This section defines the Ly norm on the boundary of the convex hull and other notations. We described in the
previous section the outline of the method by the least squares polynomials, which is based on the convex hull
generated from the unwanted eigenvalues. In this section we begin with the computation of the convex hull.

Suppose a nonsymmetric matrix A is given. We must implement some adaptive scheme in order to estimate
the approximate eigenvalues. The combination of the eigensolver and the accelerating technique is described
subsequently.

Nonsymmetric matrices have complex eigenvalues which distribute symmetrically in terms of the real axis.
Hence we can consider only the upper half of the complex plane. Using the sorted eigenvalues, we start from the
rightmost point and make it the vertex hy of the convex hull H. We compute the gradient between h; and the
other eigenvalues with smaller real parts, and choose the point with the smallest gradient as h;41.

Since the eigenvalues obtained by the Arnoldi method is roughly ordered in terms of the absolute value, the
adoption of the bubble sort is appropriate. This algorithm uses the property that only the points in the upper
half plane are concerned. It requires O(n?) complexity in the worst case and O(n) in the best case.

We then define the Ly norm on the boundary of the convex hull H constituted by the points hg,---,h,. On each
edge B, (v=1,2,---u), we denote the center and the half width by ¢, = (h, +h,—1)/2 and d, = (h, —h,_1)/2,
respectively, and define the weight function by w, (A) = 2[d2—(A—c,)?]"2 /7 (X € E,). Using the above definition,
the inner product on 0H is defined by

“w

(pra) = /BH PNZw (V)] = 2 / 1A = 3 (b, )

v=1

1
2

| p(A) |lw= (p, p)? satisfies the following theorem.

Theorem 3.1 In an inner product space, the norm || u || of an element u of the complex linear space has the
following properties:

1| kw = [&] [ ]
2. ||ul|>0 unlessu =0; || ul|=0 implies u =0.
o lutvl<llull+ vl

3.2 The computation of the coefficient v

We have mentioned the expression of the polynomial i.e., po(A) = >/, n)T [A —¢,/d,]. Using the three
term recurrence of the Tchebychev polynomials, a similar recurrence ﬂk+1pk+1()\) = (A —ag)pr(A) — Skpr—_1(N)
on the p;(A) holds. Denoting &, by &, = (A — ¢,)/d,, the equation can be rewritten as

k k—1
Brt1Pr+1(A) = (do€ + ¢y — ag) Z’YE,I;C)Ti(f) — Oy, Z 7556)—1111(5)
1=0

=0

From the relations £T;(¢) = [Ty41(€) + T3—1(€)]/2, i > 0 and £Ty (&) = T1(€), it is expressed by

Z%fT = —71T0(5) (0 + 1Vz)Tl(ﬁ) -+

9 ('Yn 1 +’Yn+1)T (5) (’Yn-l—l = O)

(Yie1 +vir)Ti(E) +- -+

N | —
N =

and arranged into

(¥) ()

v "y n
/Bn-l-lpn-i-l(/\) = du[—yTO(g) + (%(),72 + 2

MUOTE + 4 D (0 + A T
=2



n n—1
— ) Y UNTHO) — 6. Y WLTE) (T =Th).
1=0 1=0
Comparing the equation with p,41(A) = Z?Jrol ’yZVn)_HT (&), we find the following relations

ﬂn+l'7(()l,2+1 = _d i + (cv — o)y () 6n7((JVn 1

ﬁn+171 7)L+1 =d, ('Yo n T 'Yéy)) + (e — O‘n) - 6n’71 n—1s

and

/Bn+1’Y§,Un)+1 = ['Yz+1 n T %(Z)1n] + (ev — O‘n)%(ljz 6n'yfun 1

1=2,...,n+1 (’yy) :’yﬂz, 'y(y)zo i >mn).

—1,n 1,
(v) W)

()

The choice of the initial values v, g, 75 ; and 7; ; is described in the previous section.
3.3 The computation of the coefficients in the three term recurrence

Using the relation Br11pe+1(A) = (A — ag)pr(A) — 8rpr—1(A) and the orthogonality of the Tchebychev polyno-
mials, we derive

" , k+1

Br+1 = (Pk+1apk+1>1/2 = Z/ Prr1Pe 1w, (A)]|dA] = ZZ % k+1% k+1

v=1 E,

where we denote by Z'?:Oai =2a0+ Y., a;.
a and 6 are computed similarly:

w 1k

. .,
ay = (Apr, pr) = Z(cyzi v, s % )+ d Z %”k)vfil k) Ok = (Apr,pr—1) = Zdyvy
v=1

v=1

Wherevv—'yil,jk)’yo) +('V( )"‘% ") )'hk 1+Z %% 1k+71(:1k)’71(k) 1

3.4 The polynomial iteration

The polynomial obtained in the above procedure is applied to the matrix of the problem. We describe the
algorithm combined with the Arnoldi method. The Arnoldi method is expressed as follows.

J
7A)j-i-l = Avj - Zhijvia hij = (Avjavi)a t=1,..,7,

hjvi; =041 1l vjsr = Bia /b
where vy is an arbitrary non-zero initial vector. The eigenvectors corresponding to the eigenvalues which have
the largest real parts are selected and combined linearly. The remaining eigenvalues constitute the convex hull.
Suppose we have each coefficients of the polynomial p,(\), where n is some appropriate integer. Put the combined
vector into vy and we obtain the new vector v, in which the components of the necessary eigenvectors are amplified
by operating the following recursion:

po(A)vy = %() o)E'UO 1<v<p

pr(A)o = 1) Evo + ) Jdy - (A~ ¢, E)vg



pit1(A)vo = [(A — i E)pi(A)vo — 8;pi—1(A)vol/Bi1-
Denoting p;(A)vg by w;, the above recurrence is transformed into
Wo = %()Ijo)vo
— (v) (v) d. - (Avy — — (v) _ (v) d (v) d, - A
W1 = Yp,1 %0 +’Yl,1/ v+ (Avg — o) = ( 0,1 — M,1 cv/dy)vo +’Yl,1/ v AV
wit1 = [Aw; — qyw; — 8w 1]/Biva (i=2,---,n7).
3.5 The block Arnoldi method

Suppose that we are interested in computing the r eigenvalues with largest real part. If V; € R™" is a rect-
angular matrix having r orthonormal columns and m is some fixed integer which limits the dimension of the
computed basis, the iterative block-Arnoldi method can be described as follows:

for k=1,...m—1 do
1. Wk IAVk;

2. for:=1,...,k do
Hi, =VIW,, Wi=Wp—ViH;

end for
3. QrRy =W,
4. Vg1 = Qr; Hiy1,p = Ris
end for

The restriction of the matrix A to the Krylov subspace has a block-Hessenberg form:

Hyy Hip Hy
Hyy Hjp» Hs

H, =UYAU,, = 0 :
0 o 0 Hm,m—l Hm,m

The above algorithm gives:

k
AVi =3 ViHip + Vi Hene, k=1..m

=1
which can be written in a form as AU,, = UnH, + [0,...,0, Vi1 Hiny1.m], where U,, = {V1,...,V;,}. If
A, = diag(A, ..., A\,,) denotes the diagonal matrix of eigenvalues of H,, corresponding to the eigenvectors

Y. = [y1,..sYmr] then the above relation gives AU,Y,, — Uy H, Y = [0,...,0,Viy1Hpt1 m]Yim. Denoting
by X,, = Up,Y,, the matrix of approximate eigenvectors of A and by Y, , the last r block of Y,,, we have
| AX,, — XouAp |l2=|| Hms1,mYm » |2 . It is used for the stopping criterion.

We compute the r eigenvalues of large real parts by the following algorithm:

Choose an orthogonal basis V; = [v1,...,v,], an integer m which limits the dimension of the computed basis,
and an integer k which stands for the degree of the computed Tchebychev polynomials:

1. Starting with V7, obtain the block-Hessenberg matrix H,, using the Arnoldi method. Compute the eigen-
values of H,, using the QR method and select Ay, ..., A, the eigenvalues of largest real part. Compute their
Ritz vectors x1,...,z,. Compute their residual norms for convergence test.

2. From sp(H,,) — {A1, ..., A} get the optimal ellipse.

3. Starting with z1, ..., z, and using the parameters of the ellipse just found, perform k steps of Tchebychev
iteration to obtain an orthonormal set of vectors vy, ...,v, and go to 1.



4 Evaluation
4.1 Complexity of the algorithms

The cost in terms of the number of floating-point operations are as follows: We denote by n, nz, m, r, k
respectively the order of the matrix, its number of nonzero entries, the number of block Arnoldi steps, the
number of required eigenvalues, and the degree of the Tchebychev polynomial. The block Arnoldi method
costs Y70, {2rnz +4nr?j + 2r(r + 1)n} = 2rmnz + 2mr(mr + 2r + 1)n flops. 10r°m? flops are required for the
computation of the eigenvalues of H,, of order mr by the QR method, r3O(m?) for the corresponding eigenvectors
by the inverse iteration, and 2kr nz+ O(n) for the Tchebychev iteration [3, 9]. The computation of the coefficients
costs approximately O(uk?) flops, where u is the number of the vertices of the convex hull.

The total superfluous complexity of the least-squares based method by Saad is O(k®) flops, while Manteuf-
fel’s adaptive Tchebychev method requires the solutions of the equations of up to the fifth degree for O(k?)
combinations of every two eigenvalues on the convex hull.

4.2 Numerical results

This section reports the results of the numerical experiments of our method and evaluates its performance.
The experiments are performed on HP9000/720 using double precision. The time unit is 1/60 second.

We start with the decision of each element of the matrix given in the problem. In this section, the scaled
sequences of random numbers are assigned respectively to the real and the imaginary parts of the eigenvalues
except for those which are to be selected. The matrices are block diagonals with 2 x 2 or 1 x 1 diagonal

blocks. Each block is of the form _C;b b/2

It is transformed by an orthogonal matrix generated from a matrix with random elements by the Schmidt’s

to prevent the matrix to be normal and has eigenvalues a + b:.

orthogonalization method. m 4 and np denote the order of the Arnoldi method and the maximum order of the
Tchebychev polynomials respectively. We compare this algorithm with the double-shifted QR method. The error
is computed by the L, norm.

In this section we test the some variations of the distribution of the eigenvalues using the matrices of order
50, the cases of Apnax = 2,1.5, and 1.1 while the distribution of the other eigenvalues is el € [0,1], and
Sm A € [-1,1]. We denote the number of the iterations by i4.

Case 1. A\pax is 2, while the distribution of the other eigenvalues is Re A € [0,1], Sm A € [—1,1]. The effect of
the iteration is significant, especially for the orthogonality-based method. This tendency becomes sharper as the
maximum eigenvalue gets closer to the second eigenvalue.

Case 2. The maximum eigenvalue is 1.5, while the distribution of the other eigenvalues is e A € [0,1], Sm A €
[—1,1]. Some variations of the combination of the parameters i4 and ny are examined.

Case 3. The maximum eigenvalue is 1.1, while the distribution of the other eigenvalues is: e A € [0,1], Sm A €
[—1,1]. In this test we examine the relation between the parameter i4 and the order of the Arnoldi method m 4.
The table shows that it is more effective to decrease the order of the Arnoldi method than to decrease the number
of the Arnoldi iteration.

4.3 Comparison with the adaptive method

Some test problems from the Harwell-Boeing sparse matrix collection [2], the spectra of which are shown in
the following eight figures, are solved using the block Arnoldi method. Ho’s algorithm is used for reference.

. . . . . . Az —Nizillo
The stopping criterion is based on the maximum of all computed residuals max;<;<, %
Hit1,m Y, rill2 .
= maxi<;<r W <e Y, ,iand Y, ; stand for the i-th column of the Y,, , and Y,,.
— = ma |2 [ ’ ’

The following table indicate that Ho’s algorithm shows better performance than the orthogonality-based
method in most conditions except for the cases where the moduli of the necessary eigenvalues are much larger
than those of the unnecessary eigenvalues. We may derive from the result the poor optimality of the convex hull
despite its low computation cost.



orthogonality-based Arnoldi QR
1A | ma | nrp | error | time | 74 | ma | error | time error | time
1 5 15 | 1.1E-10 11 1 15 | 2.3E-09 18
2 | 5 | 15 | 36E15| 23 | 2 | 15 | 89E-16 | 34 || >1E-15] 112

Table 1. Amax = 2, while the distribution of the other eigenvalues is Re A € [0,1], Sm A € [-1,1].
orthogonality-based Arnoldi QR

24 | ma | nr | error | time | 74 | ma | error | time error | time

1 5 15 | 5.0E-05 15 1 15 | 1.2E-05 17

2 5 15 | 1.1E-08 25 2 15 | 5.3E-11 33

3 5 15 | 1.9E-11 32 3 15 | 3.7E-15 49

4 5 15 | 5.6E-14 | 42 4 | 15 | 3.3E-15 | 63

5 5 15 | 3.4E-15 | 54 51 15 | 28E-15 | 79 3.6E-15 | 111

3 5 20 | 3.0E-15 | 42

3 5 19 | 8.9E-16 38

3| 5 | 18 | 45E-13 | 38 | 3 | 15 | 3.7E-15| 49

1 5 60 | 1.3E-14 | 47

Table 2.  Amax = 1.5.
orthogonality-based Arnoldi QR

ia | ma|np | error [time | iy [ ma| error | time || error | time

1| 50 | 10 | 3.2E-15 | 240 | 1 | 50 | 7.5E-13 | 235

1| 45 | 20 | 6.9E-15 | 206 | 1 | 45 | 4.1E-10 | 191

2 | 30 | 20 | 32E-15| 161 | 2 | 50 | 7.7E4+00 | 531

3| 20 | 15 | 6.3E-12 | 111 5.2E-15 | 113

4 15 20 | 3.5E-13 | 112 1 50 7.5E-13 236

5 10 | 20 | 2.9E-14 96

Table 3.  Apax = 1.1.
| problem || west0067 | west0132 | west0156 | west0167 | west0381 | west0479 | west0497 | west0655 |

order of matrix 67 132 156 167 381 479 497 655
size of basis 50 10 10 10 10 20 50 10
degree of polynomial 10 10 10 10 10 10 10 10
block size 1 1] 1 1] 1 2] 1 1 2 2 2 2 2 2 1 2
number of iterations 2| 6 33 2 10| 2 41 25 5 8 6 3 2 5 4
computation time 312 | 245 | 37 | 201 | 19 95 | 19 36 | 723 | 735 | 376 | 320 | 857 | 652 | 172 | 316

Table 4. Test problems from CHEMWEST, a library in the Harwell-Boeing Sparse Matrix Collection. The
results by Ho’s algorithm (left) versus those by the orthogonality-based method (right) are listed.




5 Conclusion

This method requires the computation of 2rmnz + 2mr(mr + 2r + 1)n flops for the block Arnoldi method,
r3[10m® 4+ O(m?)] for the computation of the eigenvalues of H,,, and 2kr nz + O(n) for the Tchebychev iteration.

It is less than those of the adaptive method, which requires the solutions of nonlinear equations for O(k?)
combinations of the eigenvalues in most cases, and the least-squares based method, which costs O(k?®) superfluous
complexity.

We examined the other problems such as computational error by numerical experiments. The validity of our
method was confirmed by the experiments using the Harwell-Boeing Sparse Matrix Collection, which is a set of
standard test matrices for sparse matrix problems.

However, it can not show better performance than the adaptive algorithm in some cases where the moduli
of the necessary eigenvalues are not larger than those of the unnecessary ones. A more detailed analysis of the
precision of the methods is required.
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