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A Parallel Implementation of the Jacobi-Davidson Method using OpenMP
and its Evaluation on Shared Memory Architectures

AKIRA NISHIDAT and YOSHIO OYANAGIt

The Jacobi-Davidson method is a promising alternative to the Lanczos/Arnoldi approach.
In fact, the Lanczos/Arnoldi approach is suitable for computing extreme eigenvalues of general
sparse matrices, whereas the Jacobi-Davidson method does not have such restrictions, and it
is also highly parallelizable. In this presentation, we discuss the advantages of the BLAS-level
parallelizing methodology with OpenMP directives for the correction equation solver, which
dominates the computing time of the Jacobi-Davidson method. Also, the parallel Jacobi
preconditioner will be implemented and evaluated.
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input a starting vector v and a tolerance ¢;
compute u1 =v1 =v/ || v ||2;
wy = Avy, 0 = h1 1 =wjvi, 1= w1 — Ovy;
for k=2, ...
solve approximately a z L u from
(I —uwu*)(A—0I)(I —uwu*)z = —r;
forj=1,..,k—1
z =z — (2"v;)vy;
v =2z/ || z |2, wi = Avg;
forj=1,...,k
hjr = wyvj;
compute the rightmost eigenpair (6, y)
of the matrix Hy, with ||y ||=1;
compute the Ritz vector u = Vy
and 4@ = Au = Wy;
r =14 — 0u;
stop if || r |[2< ¢
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Fig. 1 Computation of rightmost eigenvalue by Jacobi-

Davidson.
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solve @ from Myu = u;
compute ¥ = M,;lr as:
solve x from Mgx =1
F=x— “ AL
solve approx1mately M YAz = —7
with zg = 0;
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Fig. 2 Computation of correction equation with left

preconditioning.
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solve @ from Myu = u;
compute 7 = ]\7[];17“ as:
solve x approximately from Mypxz =r
by the preconditioner;
F=x— %a;
apply BiCGSTAB to solve Mk_lflz =—F
approximately with zo = 0 as:
solve 2’ from Myz' = (A—0xI)z;

y’EMk_lAzza:’—" L,

u*a
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Fig. 3 Computation of correction equation with
preconditioning.
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ScaLAPACK Software Hierarchy

ScaLAPACK

Message Passing Primitives
(MPI, PVYM, MPL, GAM, etc.)

B4 ScaLAPACK ©Y 7~y =THE
Fig. 4 ScaLAPACK software hierarchy.
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jk=1,..,N THEZbN5.
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Table 1 Time for Computation of rightmost eigenvalue
by Jacobi-Davidson.

Size Time(s)
n Aq Ay
322 2 1
642 50 12

1282 | 4328 60
2562 — 396

F 211282 D A IKOWTEHELEBED T 1
T 74 X BIETRERTH B, BiICGSTAB 0
BRI A2 85% & HDTW5D. Ay, Ay DE&MEIZ
EhEh

_ 4 0 0 AL

2 — 2cos (RLH) - 71'2n ’ (46)
8 4

4—4cos(NL+1) - 7T2N (“47)

THREHLDZLENTEDDT, A DHEDICRBENR
RIXKEREDOINRDOBNICHD EEZONDN, ZD
X 51z, Jacobi-Davidson EIZBWCIHMEE FREXOFH

ROBHEURRARTHDZ EB3015.

%2 Ay, n= 1282 COEITRE
Table 2 Result for A} with n = 1282,

Function Calls  Cost(s) Cost(%)
jdqz 1 4328 100.00
zcgstabl 990 3659 84.55
zgemv 298096 1064 24.59
zdotc 344829 794 18.35
Zaxpy 230778 719 16.63

WIZ, 2562 D Ay I22WT, BR CEFT LTHED
AT R 23R IR T. 2 2 TR O BT % (8
BNCER LTS, B REAMEIL S HE TR,

£3 Ay, n =256 TOEITHER
Table 3 Result for Ay with n = 2562.

Function Calls  Time(s) Time(%)
zgemv 10246 319 33.40
zdotc 12615 150 15.77
zaxpy 8163 116 12.14
jdaz 1 109 11.50
jdgzmyv 3479 54 5.74
zZXpay 4193 54 5.68
dznrm?2 5402 52 5.50
amul 3540 47 5.00
bmul 3540 31 3.26
zcgstabl 41 12 1.33
zmgs 369 3 0.32
28, zgemv 1L

y := alpha*xA*x + betaxy,

y := alpha*A’*x + betaxy,

y := alphax*conjg( A’ )*x + betaxy,

T Level 2 BLAS, ¥£7-, zdotc 1%

z := conjg(x)*y,

zaxpy, zxpay (IZHLEh

y := alpha*x + y,

y := x + alphaxy
H o Level 1 BLAS HETH 5.

Z D& 51z, Jacobi-Davidson ¥ Tlix Level 1, Level
2 BLAS HH, #IiC zgenv B OFEENHAROKEH
EEDD. EL, BITA RS L LTS, 1751 -
7 MBEOEEEITIZIE On) THho.

WFEIZ Y 7z o> THK, %7, zgemv, zdotc, zaxpy,
zxpay @ 4 B OAMUNL—T% OpenMP API #H
TTuy 7 Liz—F U 2B L, WHNE LT,
ENENOEADN—TITHHEA Ly FAEID BT
2. £i2, V=N TOEEORAFICLY AT
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Fig. 5 Size of problems and speedups.
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Mofofoth, T2 TRIEFULEIT-> TR,

INDDOYTN—F EENEhERE L TR ET
L, #HEEMEZRE L. £9°, 4way SMP ECoi
FUL# D EITREREZR ART. oS, WIHLIZ LD,
BEN—F VOV TENENAY - FT v 7RELNT
WBZ RS, FETRBOKRERESZ2H5DTND
Level 2 BLAS @ zgemv IZ2W T, #tEOA—F M
BREZ O(n) THELD, EFROXEFLIZ L Y+
WEEREZRELNTWS. £, KTEE X CTHEIT
B E LB OER 5 IRT. WEBKRELRDICLE
Do THER LERA Ly FEITES B, BRREE
E1p zgemv, zdotc BOEHE T, LV EWHENELN
TWBDZ LMD, 28, MEY A X 16384 TOMERE
BT, L1y yvadiihicZ dicksbneELb
na.

£4 n = 2562 TOWFIEITRER
Table 4 Result for n = 2562 in parallel execution.

Function Calls  Time(s) Time(%)
jdagz 1 113 19.95
zgemv 9814 96 17.12
Zaxpy 7818 54 9.69
zZXpay 3954 51 9.12
zdotc 12212 50 8.93
jdgzmv 3290 50 8.85
dznrm?2 5296 45 8.09
amul 3352 42 7.56
bmul 3352 42 7.47
zcgstabl 42 11 2.02
zmgs 376 3 0.56
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Omni TiE, Solaris 77 v h 7+ —ALETALY N
EutyFICEETHZ LBRFEETH L. S EIOHFHIME
TEEF Y v Va2 OF AR E D72, kv i
*F LT light weight process ZEEL T\ 5.

BLAS BARL YR Y, %% v a Loy TOREL
ET7TVr—varrul I anba LTI 20
FAT7VTHY, WIHLEAR L XV TEBTLHHT
BLAS #4689 5 729012, £oEo RELer—7
JEFDZET 2 E, SMP _EToWFAEIZE L -3 RA
REEPNELRD.

Level 2 BLAS T® % zgemv 128\ T, BLAS @
reference implementation Tix, BLFD & 5124751 - X
7 %

y(1:m) = y(1: m) +aM(1: m, (), (48)
j=1,2,..,n(49)
LLTREREAELTNS.

*
* Form y := alpha*A*x + y.
*
D0 60, J =1, N
IF( X( JX ).NE.ZERO )THEN
TEMP = ALPHA*X( JX )
DO 50, I =1, M
Y(CI)
$ =Y(I)+ TEMP*A( I, J)
50 CONTINUE
END IF
JX = JX + INCX
60 CONTINUE

COEBIFVIAF LUV TORBECEERE L
DOTHDHN, — 72 Level 2 BLAS EEIZBWTIE,
N7 by ETHI M OfTE %

Y1 Y1 My
Y2 Y2 Mo

. = . + « X .’:C(SO)
Yk Yk My,

LTy 2L, UFOXSICETa Yy 7 TONY
MVEHE ZWFN BT D NERH D,

*
* Form y := alpha*A*x + vy,

*

'$OMP PARALLEL PRIVATE(JX, TEMP, TEMP_SUM)
!$0MP+ FIRSTPRIVATE(KX, INCX, ALPHA)
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Fig. 6 Speedups of subroutines for n = 2562.

'$0MP DO

D050, I =1, M
TEMP_SUM = (0, 0)
DO 60, J =1, N
JX = KX + J * INCX - INCX
IF( X( JX ).NE.ZERO )THEN
TEMP = ALPHA*X( JX )
TEMP_SUM
$ = TEMP_SUM + TEMP*A( I, J )
END IF
60 CONTINUE
Y(CI)=Y(I) + TEMP_SUM
50 CONTINUE
1$0MP END DO NOWAIT
1$0MP END PARALLEL
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