HsBP>N8GM-CMLdBj$X$NJBNs AMG A0=hM}IU6&Lr;D:9K!$NE,MQ$HI>2A @> ED 98 y ; yy Bg 5, LO AB 9T Ns $N 8G M- CM $r ?t CM E* $K 5a $a $k >l 9g , => Mh $O Lanczos K! $d $= $N Hs BP >N Ld Bj $X $N 3H D% $G $" $k Arnoldi K! , $"$k$$$ONL;R2=3XJ,LnM3Mh$N Da vidson K!$d$=$N0l<o$G$"$k Jacobi-Da vidson K!$J$I$,MQ $$ $i$l $F$- $? . $7 $+ $7$J $,$i , 6a G/$N 8&5f $K $h$j , 6& Lr8{ G[K! $rBe ?t E*%^ %k%A %0%j%C %IK! (AMG) $J$I $N E, @Z $J A0 =h M} <j K! $H AH $_ 9g $o $; $k $3 $H $K $h$C $F , B> $N <j K! $H Hf 3S $7 $F 9b B. $K 8G M- CM $r 7W ;; $G $- $k $3 $H $, L@ $i $+$K $J$C$F $-$? . K\ 8&5f $G$O , 6&Lr ;D:9 K!$H AMG A0=h M}$r MxMQ $9$k $3$H$K $h$j , $3$N <jK! $,Hs BP>N 8G M-CM2rK!$K3HD%$G$-$k$3$H$r<($9 . P arallel AMG Preconditioned Conjugate Residual Metho ds for Nonsymmetric Eigenproblems and its Ev alutation Akira Nishid a y ; yy When w e need to compute the eigen v alues of a large sparse matrix n umerically , the pro- jection metho d suc h as the Lanczos/Arnoldi metho ds or the Da vidson t yp e metho ds from quan tum c hemistry is the most ortho do x c hoice. Ho w ev er, recen t studies rev ealed that the conjugate gradien t t yp e metho d com bined with appropriate preconditioners can compute a few eigenpairs of suc h problems quite e�cien tly . In this pap er, the com bination of the con- jugate residual t yp e metho d and the AMG preconditioner is ev aluated as the expansion of the conjugate gradien t t yp e metho d and sho wn to b e the appropriate approac h for large scale sparse nonsymmetric eigenproblems. 1. GX 7J Bg 5, LO AB 9T Ns $N 8G M- CM $r ?t CM E* $K 5a $a $k >l 9g , $$ $/ $D $+ $N 2r K! $r 9M $( $k $3 $H $, $G $- $k . <g $J $b $N $H $7 $F $O , Lanczos K! $d $= $N Hs BP >N Ld Bj $X $N 3H D% $G $" $k Arnoldi K! , $" $k $$ $O NL ;R 2= 3X 7W ;; $G Mx MQ $5 $l $k $3 $H $N B? $$ Da vidson K! $d , $= $N 0l <o $G $" $k Jacobi-Da vidson K! $J $I $N 2r K! $r 5s $2 $k $3 $H $, $G $- $k . 0l HL $K , Bg 5, LO AB 9T Ns $N 8G M- CM Ld Bj $G$O , :G Bg $^ $? $O :G >. $N $b $N $+ $i ?t8D $^ $G$N 8G M-CM 5Z $S 8G M- %Y %/%H %k $r 5a $a $l $P$h $$ >l 9g $, B? $$ . 2. 6&Lr8{G[K!$NF3F~ $3$3$G $O , <BBP>N9T Ns A , B $K4X$9 $k0lHL2= 8GM-CMLd Bj Ax = �B x (1) $N:G>.8GM-CM , $^$?$O$3$l$HF1CM$JLdBj B x = �Ax; � = 1 =� (2) $N:GBg8GM-CM 1 8D$r5a$a$k$3$H$r9M$($k . $3$l$O Ra yleigh >& y El5~Bg3XBg3X1!>pJsM}9)3X7O8&5f2J%3%s%T%e!<%?2J3X@l96 Departmen t of Computer Science, the Univ ersit y of T oky o yy 2J3X5;=Q?66=5!9= CREST CREST, Japan Science and T ec hnology Agency � ( x ) = x T B x x T Ax (3) $N6KCMLdBj$K5"Ce$G$- , :G5^8{G[J}8~$, r � ( x ) � g ( x ) = 2( B x � �Ax ) x T Ax (4) $G $" $k $3 $H $+ $i , Ra yleigh >& $r 6I =j E* $K :G >. 2= $9 $k 78 ?t � i $rMQ$$$F , 6&Lr8{G[K! x i +1 = x i + � i p i ; (5) p i = � g i + � i � 1 p i � 1 ; � i � 1 = g T i g i g T i � 1 g i � 1 (6) $K $h $j 8G M- CM $r 7W ;; $9 $k $3 $H $, $G $- $k 4) . $3 $l $O 1951 G/$K Hestenes $i$K$h$j Ds0F $5$l , Fletc her $i$,H/ E8$5 $;$?<j K!$G$" $k$, 2),6) , 1980 G/ Be0J9_ $N Kn y azev $i $N 8& 5f 7),8) $K $h $j , E, @Z $J A0 =h M} $H AH $_ 9g $o $; $k $3 $H $K $h$C$F9b B.$K 8GM- CM$r 7W;; $G $-$k $3$H $,J, $+$C$F $-$? 1) . 0l HL $K , A0 =h M} IU 8G M- CM 2r K! $N %" %k %4 %j %: %‘ $O , A0 =h M} 9T Ns T � A � 1 , T A , T B $K 4X $9 $k m k <! B? 9‘ <0 P m k ( T A; T B ) $r MQ $$ $F 0J 2< $N $h $& $K =q $/ $3 $H $, $G $- $k . ( 1 ) =i4|%Y%/%H%k x (0) $rA*Br$9$k ( 2 ) m k 2s $N H? I| $K $h $j x ( k ) = P m k ( T A; T B ) x (0) $r7W;;$9$k

( 3 ) Ra yleigh >& � ( k ) = ( x ( k ) ; B x ( k ) ) = ( x ( k ) ; Ax ( k ) ) $r7W;;$9$k Ra yleigh >& $N 7W ;; $K $O MM!9 $J J} K! $r MQ $$ $k $3 $H $, $G $- $k $, , $3 $3 $G $O 6& Lr 8{ G[ K! $N >l 9g $K $D $$ $F @b L@ $9 $k . A0 =hM} IU 6&Lr 8{ G[K! $N H? I|$O , E,Ev $J =i4| %Y %/ %H%k x (0) $HBP1~$9$k=$@5%Y%/%H%k p (0) = 0 $rMQ$$$F , � ( i ) = ( x ( i ) ; B x ( i ) ) = ( x ( i ) ; Ax ( i ) ) (7) r = B x ( i ) � � ( i ) Ax ( i ) (8) w ( i ) = T r (9) x ( i +1) = w ( i ) + � ( i ) x ( i ) + ( i ) p ( i ) (10) p ( i +1) = w ( i ) + ( i ) p ( i ) (11) $H =q $/ $3 $H $, $G $- $k . Kn y azev $N <j K! $G $O , $3 $3 $G 9TNsB+ B x ( i ) � � ( i ) Ax ( i ) $K4X$9$k span f w ; x ( i ) ; p ( i ) g >e $N Ritz CM , Ritz %Y %/ %H %k $r Ra yleigh-Ritz K! $r MQ $$ $F 7W ;; $7 , :G Bg Ritz CM $K BP 1~ $9 $k Ritz %Y %/ %H %k $r x ( i +1) $H $9 $k . $9 $J $o $A , 78 ?t � ( i ) , ( i ) $N CM $O , span f w ; x ( i ) ; p ( i ) g >e $G $N6I =jE* $J :GE, 2r$r $b $H$K 7h$a $i $l $k . $3 $l $K $h$C $F , %Y %/ %H %k 4V $N D> 8r @- $r $b $H $K 3F 78 ?t $r L@ $K 7W ;; $9 $k I, MW $N $" $k => Mh $N J} K! $H Hf 3S $7 $F , MF0W$K99?7CM$r5a$a$k$3$H$,$G$-$k . $3 $N 2r K! $O MF 0W $K %V %m%C %/ 2= $9 $k $3 $H $, $G $- , =i 4| %Y %/ %H %k $H $7 $F x (0) 1 ; :::; x (0) m $H BP 1~ $9 $k =$ @5 %Y %/ %H %k p (0) 1 = � � � = p (0) m = 0 $r <h $k $3 $H $K $h $j , j = 1 ; :::; m $K$D$$$F � ( i ) j = ( x ( i ) j ; B x ( i ) j ) = ( x ( i ) j ; Ax ( i ) j ) (12) r j = B x ( i ) j � � ( i ) j Ax ( i ) j (13) w ( i ) j = T r j (14) $h$j , E,Ev$J78?t � ( i ) $rMQ$$$F span f w ( i ) 1 ; :::; w ( i ) m ; x ( i ) 1 ; :::; x ( i ) m ; p ( i ) 1 ; :::; p ( i ) m g (15) >e$G j HV L\$K Bg$- $J Ritz CM$H BP1~ $9$k j HV L\$N Ritz %Y%/%H%k$H$=$N=$@5%Y%/%H%k x ( i +1) j = X k =1 ;:::;m � ( i ) k w ( i ) k + � ( i ) k x ( i ) k + ( i ) k p ( i ) k (16) p ( i +1) j = X k =1 ;:::;m � ( i ) k w ( i ) k + ( i ) k p ( i ) k (17) $r 7W ;; $9 $k . =P NO $H $7 $F , :G Bg 8G M- CM � j $H BP 1~ $9 $k 8G M- %Y %/ %H %k $K 4X $9 $k 6a ;w � ( k ) j $H 8G M- %Y %/ %H %k x ( k ) j $r j = 1 ; :::; m $K$D$$$FF@$k !y . 3. HsBP>NLdBj$X$N3HD% 0J>e $N<j K!$rHs BP>N LdBj $K3HD% $9$k $3$H $r9M$( $k . Hs BP >N 8G M- CM Ld Bj $K $D $$ $F $O 6& Lr ;D :9 K! (Orthomin(1)) $,E,MQ$G$- $k$3 $H$,CN $i$l$F $$$k 12) . $3$3$G$O $3$l$K $D !y $3$3$G$O@53N$J7k2L$rMW$7$J$$$N$G , D>8r2=$O9T$o$J$$ . $$$F4JC1$K=R$Y$k . 9TNs A , B $, HsBP>N$J >l9g$b , 6&Lr 8{G[K!$NBe $o$j$K Ra yleigh >& 0J 30 $N HF 4X ?t $K BP $7 $F 6& Lr ;D :9 K! $r E, MQ $9 $k$3$H$K$h$j , 8{G[K!7O$NH?I|2rK!$G2r$/$3$H$,$G$-$k . $3$3$G$O , 8GM-CMLdBj (1) $N;D:9$r r = �B x � Ax; (18) � = ( Ax; B x ) = ( B x; B x ) (19) $G Dj 5A $9 $k . x $, 8G M- CM %Y %/ %H %k $K Ey $7 $1 $l $P , � $O BP 1~$9 $k8G M-CM $K 0lCW $9$k . $3$3 $G $O:G >.2= $9$Y $-4X ?t$H $7$F;D:9 r $NFb@Q F ( r ) = ( r ; r ) (20) $r A* $S , 6& Lr ;D :9 K! (Orthomin(1)) $r E, MQ $9 $k . $9 $J $o$A , =i4|CM x 0 $+$i � (0) = ( Ax (0) ; B x (0) ) = ( B x (0) ; B x (0) ) ; (21) r (0) = � (0) B x (0) � Ax (0) ; (22) p (0) = r (0) (23) $r5a$a , 0J2<$NH?I| � ( i ) = [( r ( i ) ; Ap ( i ) ) � � ( i ) ( r ( i ) ; B p ( i ) )] = [( Ap ( i ) ; Ap ( i ) ) � 2 � ( i ) ( Ap ( i ) ; B p ( i ) ) +( � ( i ) ) 2 ( B p ( i ) ; B p ( i ) )] ; (24) x ( i +1) = x ( i ) + � ( i ) p ( i ) ; (25) � ( i +1) = ( Ax ( i +1) ; B x ( i +1) ) = ( B x ( i +1) ; B x ( i +1) ) ; (26) r ( i +1) = � ( i +1) B x ( i +1) � Ax ( i +1) ; (27) � ( i ) = � [( Ar ( i +1) ; Ap ( i ) ) � � ( i +1) f ( Ar ( i +1) ; B p ( i ) ) +( Ap ( i ) ; B r ( i +1) ) g +( � ( i +1) ) 2 ( B r ( i +1) ; B p ( i ) )] = [( Ap ( i ) ; Ap ( i ) ) � 2 � ( i +1) ( Ap ( i ) ; B p ( i ) ) +( � ( i +1) ) 2 ( B p ( i ) ; B p ( i ) )] ; (28) p ( i +1) = r ( i +1) + � ( i ) p ( i ) (29) $rAjBP;D:9 � ( i ) = k � ( i ) B x ( i ) � Ax ( i ) k 2 = k � ( i ) B x ( i ) k 2 (30) $,==J,>.$5$/$J$k$^$G7+$jJV$9 . 4. A0 =h M} 0lHL2=8GM-CMLdBj Ax = �B x (31) $K$* $$ $F , 8G M- CM � $, 4{ CN$G $"$k $H 2>Dj $9 $k$H , $3$l $K BP1~$9$k8GM-%Y%/%H%k$O ( A � �B ) x = 0 ; x 6 = 0 (32) $r 2r $/ $3 $H $K $h $j 5a $a $k $3 $H $, $G $- $k . $9 $J $o $A , 8G M- CM2rK!$K$*$1$k M}A[E*$J A0=hM}9TNs T $O A � �B $N5U 9TNs$G $"$j , <B:]$K$O L$CN$N � $r Ritz CM $GCV$-49$( $? A0 =h M} 9T Ns $r 9M $( $k $3 $H $b $G $- $k . $7 $+ $7 $J $, $i , 0l HL

$K$3$N$h$&$KA0=hM}9TNs$r<h$k$HITDj CM$H$J$k$3$H$,B? $/ , T � A � 1 (33) $H<h$k$N$,<+ A3$G$" $j , FC$KO"N)0l <!J}Dx <0 Ax = f $N 2r K! $, M? $( $i $l $F$$ $k >l 9g $K $O , A0 =h M} $N 7W ;; $b MF0W $G $"$k . $3$N$h$&$KDj$a$? T $K4X$7$F , w ( i ) = T r (34) $9$J$o$A T � 1 w ( i ) = r (35) $r2r$/ . 2r$/$Y$-8GM-CMLdBj$K$*$1$k9T Ns$N@-<A$,J,$+$C$F$$ $k >l 9g $K $O , $3 $l$r Mx MQ $7 $F E, @Z $J A0 =h M} <j K! $r A*Br $9 $k $3 $H $, $G $- $k . Ld Bj $, Hs BP >N $G $" $k >l 9g , 0J 2< $N $h $& $JA0=hM}$,9M$($i$l$k . 4.1 IT40A4 LU J,2r >e5-$N6&Lr;D:9K!$N%"%k%4%j%:%‘$+$i , 9TNs A $r A = LD U + E (36) $N7A$KIT40A4 LU J,2r$7$?7k2L$+$i , :8$+$i$NA0=hM} ( LD U ) � 1 Ax = � ( LD U ) � 1 B x (37) $H1&$+$i$NA0=hM} A ( LD U ) � 1 ( LD U x ) = �B ( LD U ) � 1 ( LD U x ) (38) $r 9M $( $k $3 $H $, $G $- $k 12) . A0 <T $O >e 5- $N 6& Lr ;D :9 K! $N %" %k %4 %j %: %‘ $K $* $$ $F 78 ?t 9T Ns A , B $r ( LD U ) � 1 A , ( LD U ) � 1 B $G , $^ $? 8e <T $O D> 8r 78 ?t � $H=$ @5 J} 8~ p $r $=$l$>$l � ( i ) = � [( A ( LD U ) � 1 r ( i +1) ; Ap ( i ) ) � � ( i +1) f ( A ( LD U ) � 1 r ( i +1) ; B p ( i ) ) +( Ap ( i ) ; B ( LD U ) � 1 r ( i +1) ) g +( � ( i +1) ) 2 ( B ( LD U ) � 1 r ( i +1) ; B p ( i ) )] = [( Ap ( i ) ; Ap ( i ) ) � 2 � ( i +1) ( Ap ( i ) ; B p ( i ) ) +( � ( i +1) ) 2 ( B p ( i ) ; B p ( i ) )] ; (39) p ( i +1) = ( LD U ) � 1 r ( i +1) + � ( i ) p ( i ) : (40) $G CV$- 49$( $?$b $N $KAj Ev$9 $k . ?tCM <B 83 12) $N 7k2L $+$i , A0=hM}$N7k2LHsBP>N@-$,A}Bg$9$k>l9g $K@-G=$K1F6A$,@8 $8 $k $3 $H $, $" $k $b$N $N , $$ $: $l $N >l 9g $K $b <} B+ $9 $k$3 $H $,J,$+$C$F $$$k $, , $3$l$i$N J}K! $O LU J,2r$rH< $&$? $a , JBNs2=$,:$Fq$G$"$k . 4.2 Be?tE*%^%k%A%0%j%C%IK! Be ?t E* %^%k %A %0 %j%C %I K! $O , LdBj 9T Ns $N Be ?t E* $J @-<A $N$_$r$b$H$K%"%k%4%j%:%‘$r9=@.$9 $k%^%k%A%0%j%C%IK! $N 0l<o $G$" $k . Ld Bj $NJ* M}E* @-<A $K0M B8$7 $J$$ MxE@ $,$" $j , 8G M- CM 2r K! $NA0 =h M} %" %k %4 %j %: %‘ $H $7 $F $b E, $7$F $$ $k $H $$ $( $k . 6& Lr 8{ G[ K! 7O $N 8G M- CM 2r K! $K $* $$ $F , Be ?t E*%^%k%A%0%j%C%IA0=hM}$,M-8z$G$"$k $3$H$O4{$KCN$i$l $F $* $j 10) , <B Au $b 9T $o $l $F $$ $k $, , Hs BP >N 8G M- CM Ld Bj $K 4X O" $7 $? ;v Nc $O Js 9p $5 $l $F $$ $J $$ . 0J 2< $G $O $^ $: , 6& Lr ;D:9K!$K4X$7$FBe?tE*%^%k%A%0%j%C%IA0=hM}$, 2DG=$G$" $k$+$I$&$+$r8!F$$9$k . Ld Bj Ax = f $K BP $9 $k Be ?t E* %^ %k %A %0 %j%C %I K! $N 5- K!$r0J 2< $KDj 5A $9$k . A $N<!?t $r n � n , MWAG $r a ij , E@ i $G $N u $N CM $r u i , $^ $? 3J ;R $O = f 1 ; 2 ; :::; n g $G I= $9$b $N $H$9 $k . :Y $+ $$3J ;R >e$G ;D$C $?8m :9 e $O , AF $$3J ;R>e $G ;D :9 J} Dx <0 Ae = r $r2r $/ $3 $H $K $h $j <h $j =| $+ $l , 7k 2L $OJd 4V $5 $l $F:Y $+ $$ 3J ;R $K u u + e $H $7$F La $5 $l $k . 0J 2< $G $O E: ;z $K $h $j %l %Y %k HV 9f $r <( $9 . $9 $J $o $A 3J ;R $N Jq 4^ 4X 78 $O 1 � 2 � � � � M $G $" $j , 3F 3J ;R >e $G $N 1i ;; ;R $O A 1 ; A 2 ; :::; A M $G $" $k . 3J ;R 4V $N 0\ F0 $O Jd4V : I k k +1 ; k = 1 ; 2 ; :::; M � 1 ; (41) =LLs : I k +1 k ; k = 1 ; 2 ; :::; M � 1 (42) $K $h$C $F <B 8= $5 $l , 3F CJ $G E, Ev $J 4K OB $r 9T $& . 3F CJ $O 0J 2<$N$h$&$K:F5"E*$KDj5A$5$l$k . Algorithm M V k ( u k ; f k ). The ( � 1 ; � 2 ) V-cycle. If k = M , set u M = ( A M ) � 1 f M . Otherwise: Relax � 1 times on A k u k = f k . P erform coarse-grid correction: Set u k +1 = 0, f k +1 = I k +1 k ( f k � A k u k ). Solv e on lev el k + 1 with M V k +1 ( u k +1 ) ; f k +1 ). Correct the solution b y u k u k + I k k +1 u k +1 . Relax � 2 times on A k u k = f k . 0lJ} , 3FCJ$NMWAG$NA*Br$O;vA0$K9T$o$l$k . AMG Setup Phase. ( 1 ) Set k = 1. ( 2 ) P artition k in to disjoin t sets C k and F k . ( a ) Set k +1 = C k . ( b ) De�ne in terp olation I k k +1 . ( 3 ) Set I k +1 k = ( I k k +1 ) T and A k +1 = I k +1 k A k I k k +1 . ( 4 ) If k +1 is small enough, set M = k + 1 and stop. Otherwise, set k = k + 1 and go to step 2. 8EE5 E* $J %"%k %4 %j%: %‘ $G$O , AF $$3J ;R $N A*Br $O 2 CJ 3, $K J, $1 $k $3 $H $, $G $- $k . $9 $J $o $A , $O $8 $a $K $" $k 5, B’ $K $7$?$,$C$F AF$JE@ C $H$=$l0J30 $NE@ F $rJ,$1$? 8e , Jd 4V1i;; ;R $,>r 7o $rK~ $? $9$h $& F $N0lIt $r C $KLa$7 $FD4 @0 $9 $k . $3 $3 $G $N L\ I8 $O , AF $$ 3J ;R E@ $N =8 9g C , 5Z $S 3F i 2 F � � C $K$D $$$F Jd4V E@$N =89g C i 2 C $rA* $V $3$H$G$"$k . C $r A* $V :] , $" $k E@ i $K $* $$ $F , i $N CM $, 1F 6A $r <u $1 $kNY@\E@ $N=8 9g$r S i $H$9$k . 8EE5E*$J AMG %"%k%4%j %:%‘$G$O

S i = f j 6 = i : � a ij � � max k 6 = j ( � a ik ) g ; (43) $GDj5A$5$l$k !y . $9$J$o$A , 0J2<$N4p=‘$K=>$C$F C $H F $H$rJ,$1$k$3$H$K$J$k . (C1) 3FE@ i 2 F $K$D$$$F , E@ j 2 S i $O C $K4^$^$l $k$+ , $^$?$O S j \ C i 6 = ; $G$"$k . (C2) C $O , C $K 4^ $^ $l $k E@ $N $= $l $> $l $, C $N B> $N E@ $N CM $K 0M B8 $7 $J $$ :G Bg It J, =8 9g $G $J $/ $F $O $O $J $i $J $$ . (C1) $O , i $, j $K 6/ $/ 0M B8 $7 $F $$ $k >l 9g $K , ( j $, C $K4^$^$l$F$$ $J$/$F$b ) u j $NCM$, u i $KH?1G$5 $l$k$3$H $r J] >Z $7 , (C2) $O AF $$ 3J ;R E@ $N NL $r D4 @0 $9 $k . 8E E5 E* AMG %" %k %4 %j %: %‘ $G $O (C1) $O I, ?\ $G $" $k $, , (C2) $OI,$:$7$bK~$?$5$l$J$$ . =L Ls $N <j =g $O 0J 2< $N DL $j $G $" $k . $^ $: 3F E@ i $K , i $N 1F6A $r6/ $/ <u $1$k B> $N E@ $N?t l i $r3d $jEv $F $k . <!$K :G Bg $N l $r ;} $D E@ $r :G=i $N C $H$7 $F A* $V . E@ i $K 6/ $/ 1F6A $r<u$1 $k$b$N$O F $H$J $j , $3 $l$i$N F $K1F 6A$rM?$($k $= $N B> $N E@ $O @x :_ E* $K C $H $J $k . $3 $l $O $9 $Y $F $N E@ $, C $+ F $K 3d $j Ev $F $i $l $k $^ $G B3 $/ . ?^ 1 $K Diric hlet 6-3&>r7o , 5,B’3J;R>e$N 9 E@ Laplacian $N>l9g$r<($9 . $? $@ $7 , ?^ 2 $K <( $7 $? Nc $N $h $& $K , 1 2s $N A* Br $G C $K @\ B3 $7 $J $$ F $, @8 $8 $k >l 9g $K $O , $= $l $i $K 4X 78 $9 $k F - F $N0MB84X78$rD4$Y , $I$A$i$+$r C $H$9$k . Be ?t E* %^ %k %A %0 %j%C %I K! $K $O $$ $/ $D $+ $N %" %k %4 %j %: %‘ $, $" $j , JB Ns 2= $K 4X $7 $F $b J# ?t $N <j K! $, CN $i $l $F $$ $k 11) . 2002 G/ $K La wrence Liv ermore JF 9q N) 8& 5f =j $N V an Emden Henson $i $K $h$C $F Ds 0F , 3+ H/ $5 $l $? Bo omerAMG 5) $O , Be ?t E* %^ %k %A %0 %j%C %I K! (Alge- braic Multigrid Metho d) $NJBNs <B Au $N0l <o $G $" $j , Hs BP >N9T Ns$K $bE, MQ$, 2DG= $G$" $k . 0J2< $G$O $^$: %"%k %4%j %:%‘$K$D$$$F4JC1$K=R$Y$k . 4.3 Bo omerAMG Bo omerAMG $K $O J# ?t $N =L Ls %" %k %4 %j %: %‘ $, 4^ $^ $l $F $* $j , $3 $N $& $A :G $b 4J C1 $J $b $N $, , 0J 2< $K =R $Y $k Cleary-Lub y-Jones-Plassman (CLJP) JB Ns =L Ls %" %k %4%j%:%‘ 3) $G$"$k . $3$N%"%k%4%j%:%‘$O Lub y 9) $K$h$C $FDs0F$5$l$?JBNs%0%i%UJ,3d%"%k%4%j %:%‘$r$b$H$K$7$F $$$k . $^$: , 0J2<$GDj5A$5$l$k1F6A9TNs S $rDj5A$9$k . S ij = � 1 if j 2 S i ; 0 otherwise (44) $9$J$o$A , i $, j $K0MB8$7$F$$$k>l9g$N$_ S ij = 1 $H$J $j , S $N Bh i 9T $O i $N 0M B8 4X 78 $r <( $9 =8 9g S i $r M? $( , Bh i Ns $O i $N 1F 6A $r <( $9 =8 9g S T i $r M? $( $k . ( M- 8~ %0 %i %U S $K$*$$ $F , @aE@ i $+$i j $X$N;^ $O , S ij 6 = 0 $N>l9g $K$N$_B8:_$9$k .) 3FE@ i $K $D$$$F , i $K 1F6A $r<u$1 $kE@$N ?t$H (0 ; 1) Fb $N Mp ?t $N OB w ( i ) = j S T i j + � ( i ) $J $k NL $r Dj 5A $7 , $9 $Y !y � $ODL>o 0.25 $H<h$k$3$H$,B?$$ . $F$N k 2 S i \ S T i $K$D$$$F w ( i ) > w ( k ) $rK~$?$9E@ i $N=89g$r D $HDj 5A$9$k . FHN)=8 9g D $+ $i , 0J 2<$NH/8+ E*4p=‘$r$b$H$K%0%i%U$r=$@5$9$k . (H1) C $N E@ $N CM $O Jd 4V$5 $l $J $$ . $7 $? $,$C $F , C $K 1F6A$rM?$($kNY@\E@$O C $h$j$b=EMWEY$,Dc$$ . (H2) k , j $N AP J} $, C $N E@ i $K 0M B8 $7 , $^ $? j $, k $K1F 6A$r 5Z $\$7 $F$$ $k$J $i$P , k $O i $+ $iJd 4V$5 $l$& $k $N$G j $O C $NE@$H$7$F$O k $[$I=EMW$G$O$J$$ . $3$l$r$^$H$a$k$H , for eac h i 2 D , for eac h j that in uences i , decremen t w ( j ) set S ij 0 (remo v e edge ij from the graph) for eac h j that in uences i , set S j i 0 (remo v e edge j i from the graph) for eac h k that dep ends on j , if k dep ends on i , decremen t w ( j ) set S k j 0 (remo v e edge k j from the graph) (H1), (H2) $r D $K E, MQ $7 , =$ @5 $5 $l $? %0 %i %U S $r $b$H$K , $9$Y$F$N E@$, C $^$?$O F $H$7$F J,N‘$5$l$k$^ $G $3 $l $r 7+ $j JV $9 . ?^ 3 $K , CLJP %" %k %4 %j %: %‘ $K $h $k 5,B’3J;R>e$N 9 E@ Laplacian $N?’J,$1$r<($9 . CLJP %" %k %4 %j %: %‘ $N Mx E@ $O $= $N JB Ns @- $K $" $j , ( F1 $8Mp ?t $N=8 9g$r M?$( $k 8B$j ) JB Ns EY$K 4X$o $i$: F1 0l$N AF $J3J;RE@=89g$rM?$($k . A0=R$N C‘ <!$N %"%k %4 %j%: %‘$O Ruge-St � ub en %"%k%4 %j %: %‘ $H 8F $P $l , $3 $A $i $N >l 9g $G $b NN 0h $r J, 3d $7$F E, MQ $9 $k $3 $H$, $G $- $k . $^ $? , 3F NN 0h Fb It $K$* $$ $F RS %" %k %4 %j %: %‘ $r , $^ $? 6- 3& >e $G CLJP %" %k %4 %j %: %‘ $r E, MQ $9 $k $3 $H $K $h $j , CLJP $N =L Ls $N CY $5 $r 2r 7h $7 $? $b $N $r F algout %"%k%4%j%:%‘$H8F$V . $3$l$i$rHsBP>NLdBj �r 2 u + c ( u x + u y + u z ) = f (45) $KE,MQ$7$?7k2L$rI= 1 $K<($9 5) . LdBj%5%$%:$O%W%m%;%C %5 Ev $j 40 3 , � = 0 : 75 $H $7 $F 7W ;; $7 $F $$ $k . ;H MQ $7 $? 7W ;; 5! $O ASCI Blue P aci�c $G $" $k . GMRES $d BiCGST AB Ey$H Hf3S $7$F $b , NI9% $K<} B+$7 $F$$ $k$3 $H $,J,$+$k . 5. $‘ $9 $S K\ 9F$G $O , Hs BP >N 8GM- CM 2r K! $X $NA0 =h M} IU 6& Lr ;D:9 K! $NE,MQ$N2DG=@-$K$D$$$F , M=HwE*$JI>2A$r$b$H$K8!F$$7 , HsBP>NLdBj$K$*$$$F$b==J,$J@-G=$,F@$i$l$k$H 9M$($i$l $k$3 $H$r <( $7$? . Be ?tE* %^%k %A%0 %j%C%I A0 =hM} $OHf 3SE* ?7 $7 $$ 2r K! $G$" $j , <} B+ >r 7o $J $I $K 4X $7 $F L$ 2rL@ $J It J, $b;D$C $F$$ $k . :# 8e$H $bFC @-$r L@$i $+$K $7 $F$$ $/$H $H$b

?^ 1 5,B’3J;R>e$N 9 E@ Laplacian $N>l9g$N?’J,$1 ?^ 2 <~4|6-3&>r7o , 5,B’3J;R>e$N 9 E@ Laplacian $N>l9g$N?’J,$1 I= 1 HsBP>NLdBj$G$NH?I|2s?t p F algout RS GMRES(10) BiCGST AB 1 5 5 143 77 8 7 7 273 144 27 7 8 398 226 64 9 10 534 323 125 8 10 642 367 216 9 12 793 493 343 8 11 842 500 512 9 14 1046 644 $K , Bg5,LO8GM-CM2rK!$KBP$9$kM-NO$J2rK!$N0l$D$H$7$F , 8z2LE*$J<BAu<jK!$K$D$$$F8!F$$r?J$a$F$$$-$?$$ . <U <- K\ 8& 5f $N 0lIt $O , 2J 3X5; =Q ?6 6= 5!9= @o N, E* AOB$ 8&5f ?d ?J ;v 6H (CREST) !VBg5, LO %7 %_%e %l!< %7%g %s 8~ $1 4pHW%=%U%H%&%’%"$N 3+H/!W5Z$S2J 3X8&5fHq4pHW 8&5f (C) 15607005 !VHs9= B$B? =E3J;R $rMQ $$$?N% ;62= <jK! $H$=$N 8zN( E* $J JB Ns <BAu 5; =Q $K 4X $9 $k 8& 5f!W$K $h $k $b $N $G $" $k . ;2 9M J8 8% 1) P. Arbenz and R. Lehoucq , A c omp arison of algorithms for mo dal analysis in the absense of a sp arse dir e ct metho d , T ec h. Rep. SAND2003- 1028J, Sandia National Lab oratories, 2003. 2) W. W. Bradbur y and R. Fletcher , New Iter ative Metho d for Solution of the Eigenpr ob- lem , Numer. Math., 9 (1966), pp. 259{267.

?^ 3 :8>e$N%0%i%U$r$b$H$K , FHN)E@=89g$N7W;;$H$=$N=$@5$r 2 2s ( 1&>e , :82< ) 7+$jJV$7$?7k2L ( 1&2< ). 3) A. J. Clear y, R. D. F algout, V. E. Hen- son, and J. E. Jones , Co arse-grid sele ction for p ar al lel algebr aic multigrid , in W orkshop on P arallel Algorithms for Irregularly Structured Problems, 1998, pp. 104{115. 4) R. Fletcher and C. M. Reeves , F unction minimization by c onjugate gr adients , Comp. J., 7 (1964), pp. 149{154. 5) V. E. Henson and U. M. Y ang , Bo omer- AMG: A p ar al lel algebr aic multigrid solver and pr e c onditioner , Applied Numerical Mathemat- ics: T ransactions of IMA CS, 41 (2002), pp. 155{ 177. 6) M. R. Hestenes and W. Kar ush , A metho d of gr adients for the c aluculation of the char ac- teristic r o ots and ve ctors of a r e al symmetric matrix , J. Res. Natl. Inst. Stand. T ec hnol., 47 (1951), pp. 45{61. 7) A.V. Kny azev , Pr e c onditione d eigensolvers| an oxymor on? , Electron. T rans. Numer. Anal., 7 (1998), pp. 104{123 (electronic). Large scale eigen v alue problems (Argonne, IL, 1997). 8) , T owar d the optimal pr e c onditione d eigensolver: L o c al ly optimal blo ck pr e c ondi- tione d c onjugate gr adient metho d , SIAM J. Sci. Comput., 23 (2001), pp. 517{541. 9) M. Luby , A simple p ar al lel algorithm for the maximal indep endent set pr oblem , SIAM J. Comput., 15 (1986), pp. 1036{1053. 10) @>ED 98 , Bg 5, LO 8G M- CM Ld Bj $X $N JB Ns AMG A0=h M} IU 6& Lr 8{ G[ K! $N E, MQ $H I> 2A , >p =h 8& Js , 2004 (2004), pp. 25{30. 11) F# 0f >< 9( , @> ED 98 , >. Lx 5A IW , Smo othe d A ggr e- gation MG K! $N 0[ J} @- Ld Bj $X $N BP 1~ $H I> 2A , 2003 G/ @h ?J E* 7W ;; 4p HW %7 %9 %F %‘ %7 %s %] %8 %& %‘ O@ J8 =8 , pp. 137{144. 12) Kv IY 1Q 0l , 4X K\ Gn , B? 72 Cf @- ;R 3H ;6 J} Dx <0 $K 8= $l $k Hs BP >N 9T Ns 7O $N 0l HL 8G M- CM Ld Bj $K BP $9 $k OR- THOMIN(1) K! $N E, MQ , >p Js =h M} 3X 2q O@ J8 ;o , 30 (1989), pp. 661{667.